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First-Principles Unified Spectral Analysis without Com-

plex Numbers

This chapter establishes a unified mathematical framework for all major linear spec-
tral transforms on discrete multiscale resolution grids €y, demonstrating that com-
plex numbers and continuum planes are unnecessary contrivances when signals and
operators are represented via real geometric bivectors and linear difference matrices.

The Fallacy of the Continuum Complex Plane and Real Bivector

Kinematics

In 19th and 20th-century mathematical analysis and electrical engineering, linear sig-
nal processing was built upon the algebraic convention of the “complex plane” C and
the imaginary unit 7 = V~1. While computationally effective as an algorithmic short-
hand for handling two-dimensional rotations and phase shifts, the conventional in-
terpretation of C introduced major epistemological fallacies:

1. The Continuum Fallacy of Imaginary Quantities: Conventional analysis
treats 7 as an abstract, non-physical scalar existing outside the real number line,
operating over an uncountably infinite continuum of complex values. In the
actual conduct of science and engineering, there are no imaginary quantities
or continuum infinities; physical observations consist of measurements over
discrete spatial-temporal resolution grids €y. Examples include voltages,
currents, temperatures, pressures, lengths, angles, etc. Always these are
discrete values.

Note It is an exercise for the reader to point to
a continuous measurement. Point to a
continuous voltage. Point to a continuous
length—not to the object measured, but
to its length as a continuous entity. And
so on: to point to measurements made
using measurement ticks that are
infinitesimally small, having neither
spatial nor temporal extent.




2. Geometric Interpretation: Unit Oriented Bivectors: In real Geometric Al-
gebra, the algebraic entity satisfying I’ = -1 is not an imaginary scalar, but a
real, oriented unit bivector I representing an oriented 2D plane segment. In a
two-dimensional real space R* spanned by orthogonal unit vectors ¢, ¢, (with
¢f = 1, ¢ = 1), the unit bivector is defined by the geometric product:

I=¢e =¢Ne

By the fundamental anti-commutativity of orthogonal vectors (ee, = —¢¢,),
computing the square of I yields a purely real result:

I = (e16)(e6) = —¢(e6)e = —(e6)(ae) = 1

3. Order of Multiplication, Vector-Bivector Anti-Commutation, and Direc-
tional Precession: The exact geometric action of I on planar basis vectors de-
pends strictly on the order of multiplication:

« Right-Multiplication by I:
al =¢(ee) = (qe)e =¢

ol =¢g(q6) = —¢(qe) = —¢

For an arbitrary vector v = v¢; + 0,6, right-multiplying by I yields vI =
(016, + 1,6)(6,6) = —v,6; + v16,. This maps (vy, ;) = (—v,,v;), executing a
+90° counterclockwise rotation in the (¢, ¢,) plane.

« Left-Multiplication by I:
I = (q6)e = —6(q6) = —¢

Ie, = (q6)6 = 6(66) = ¢
For an arbitrary vector v = v¢; + 1,6, left-multiplying by I yields Iv =
(e16,)(v16 + 1,6) = ¢, — vy6, = —vL This maps (v;, ;) — (v,, —1y), execut-

ing a —90° clockwise rotation.

« Anti-Commutation and Pre/Post-Multiplication Equivalence: Be-
cause planar vectors anti-commute with 2D bivectors (vI = —Iv), post-



multiplying a vector by the exponential geometric rotor ¢ = cos §+Isin 8
is exactly equivalent to pre-multiplying by Y.
1 _ . _ . g 7
ve’ =v(cosf +1sind) = (cosfd —Isinf)v=¢"v
Thus, rotating a vector counterclockwise by angle ¢ can be written iden-
tically either as post-multiplication by & or as pre-multiplication by Y

4. Orientation: I versus —I, Reversion, and Isomorphism to Square Roots of —1:
There exist two distinct unit bivectors in the plane: I = ¢j¢, and —I = ¢,¢;. Both
satisfy the quadratic identity I* = (-I)* = -1.

« In Geometric Algebra, —Iis fundamentally defined by the reversion oper-
ator ~ (which reverses the order of vector factors in a multivector prod-
uct): 1 = 66 = 6o = —ee = —I. Reversion is a structural geomet-
ric anti-automorphism inherent to geometric algebra, whereas complex
conjugation 7 — — in classical analysis is a purely formal scalar substitu-
tion. While reversion on 2D bivectors mirrors complex conjugation in
the plane, on general multivectors across higher dimensions, reversion is
a richer geometric operation that is not one-to-one with complex conju-
gation.

« The generator I = ¢,¢, defines a counterclockwise sense of rotation, estab-
lishing a right-hand rule orientation from ¢, into e,.

« The reverse generator I = —I = ¢,¢; defines a clockwise sense of rotation,
establishing a left-hand rule orientation from ¢, into ¢,. In conventional
complex analysis, the polynomial equation ¥+1=0 possesses two al-
gebraic roots, conventionally designated +7 = +V-1 and —7 = —J/-1. In
real geometric algebra, I and its reverse I=-I provide the exact real, ge-
ometric isomorphism to +vV~1 and —y~1. The formal algebraic duality
between the two roots of —1 corresponds directly to the choice of spatial
orientation (counterclockwise versus clockwise rotation in the plane). In
Euler’s geometric rotor & = cosé + Isin g, a positive angle parameter ¢
precesses vectors counterclockwise under right-hand orientation I = ¢;¢,,
and clockwise under left-hand orientation I = ¢¢,.

5. Planar Restriction of Direct Multiplication Rotations: It is crucial to note
that such simple methods of rotation—where multiplying a vector directly by
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a unit bivector I or complex-like exponential rotor ¢" yields a rotated vector—
apply strictly and exclusively to planar geometric algebra (such as C/(2,0) or
C1(0,1)). In three-dimensional Euclidean space C/(3, 0) or higher-dimensional
spaces (such as C/(4, 1, 1) under the Master Field Equation), a general vector v
possesses components orthogonal to the plane of bivector B. Direct multiplica-
tion vB yields a mixed multivector containing both scalar/vector contractions
and trivector volume elements (vB = v- B + v A B), rather than a pure rotated
vector. Consequently, in three or more dimensions, vector rotations cannot
be performed by simple direct multiplication; they require double-sided rotor
transformations v — RvR, where R = ¢ /2 and R = ¢"®/? is its reversion. The
collapse of the double-sided rotor transformation into single direct multiplica-
tion ve® is an exceptional property unique to planar geometric algebra.

6. Sufficiency of Lightweight Geometric Algebras: While field dynamics on dis-
crete multiscale resolution grids is fully described by the 64-dimensional Clif-
ford Algebra Cl(4,1,1) under the Master Field Equation DF = J, planar signal
analysis requires far lighter geometric structures. For example:

« The One-Dimensional Clifford Algebra C/(0,1): Spanned by a single
generator ¢; with ¢ = —1. Elements are real linear combinations 4 + be,.
This algebra is naturally isomorphic to C as a vector space, but every term
remains a purely real multivector.

« The Two-Dimensional Clifford Algebra C/(2,0): Spanned by real or-
thogonal vectors ¢, ¢, with 612 =1, 622 = 1. The even subalgebra C/"(2,0)
consists of elements 4 + bey,, providing a complete, coordinate-free real
geometric phase plane.

« The Three-Dimensional Euclidean Geometric Algebra C/(3,0) (often
designated as the Spatial Vector Algebra): Spanned by three spatial basis
vectors ¢;, ¢, ¢;, avoiding relativistic continuum assumptions and frames
of reference. In this algebra, the pseudoscalar I = ¢¢,¢; satisfies I = —1
and commutes with all grade elements, serving as an intrinsic 3D phase-
rotation operator.

7. Matrix Operator Representation without Geometric Algebra: Even without
Geometric Algebra, any digital signal vector x = [[0], x[1], ..., x[N - 1]]" e RY
on a finite resolution grid €y can be processed using purely real orthogonal
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matrix operators. The bivector rotation operator I maps directly to the real
anti-symmetric block generator matrix:

0 -1
] =
1 0
satisfying /> = —I. Consequently, all classical transforms can be executed as

real matrix-vector operations on real physical analog or digital signal channels.

Mechanical and Fluid Dynamics Analogies for Real Bivector Phase
Rotors and Spectral Transforms

To visualize real bivector phase rotors and linear spectral transformations without
relying on abstract “imaginary” quantities or unphysical continuum complex planes,
exact mechanical and fluid dynamics analogies provide transparent physical exem-
plars on the objective level.

Dual-Axis Mechanical Crankshaft and Balanced Flywheel Analogy

A real bivector phase rotor & = cos §+1sin b acting in the two-dimensional real phase
plane C/(2,0) is similar in structure to a balanced dual-axis mechanical crankshaft or
spinning flywheel mounted in a two-dimensional gimbal frame.

« Real Scalar Cosine Projection: The linear displacement along a horizontal me-
chanical slider rod connected to the crankshaft pin records the real scalar com-
ponent cos 6.

« Real Bivector Sine Projection: The linear displacement along an orthogonal
vertical slider rod connected to the same pin records the orthogonal real com-
ponent sin &, oriented in the plane by unit bivector I = ¢e,.

« Objective Physical Measurement: No “imaginary” distance or non-physical
state exists at any point in the mechanical linkage. Both slider displacements
are objective, real lengths measured by physical dial indicators. The unit bivec-
tor I represents the physical 90 spatial orientation between the two orthogonal
mechanical slider axes.
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Hydraulic Resonant Chamber and Acoustic Wave Pipe Array Analogy

The Fourier decomposition of a complex spatial-temporal signal x[#] into orthogonal
harmonic rotors is similar in structure to sending a fluid pressure impulse down a
stepped hydraulic conduit or array of acoustic organ pipes.

« Fundamental Resonance: A fluid column of length L selectively resonates at

) ) } . kg
discrete harmonic acoustic frequencies f, = %.

« Scalar and Bivector Fluid Components: At a pressure sensor tap located along

the acoustic pipe, fluid pressure oscillation represents the real scalar cosine har-

monic component cos (Z%k ), while volumetric fluid velocity oscillation repre-

sents the orthogonal bivector sine component I'sin (%)

« Parseval-Plancherel Energy Equivalence: Total acoustic fluid kinetic and po-
tential energy stored across all resonant pipe taps equals the total fluid kinetic
energy of the initial pressure pulse injected at the entry aperture, providing a
direct mechanical demonstration of Parseval-Plancherel energy conservation.

Unified Operator Kernel Formulation for Conventional Transforms

Let Gy = {nd | n € {0,1,...,N — 1}} be a discrete multiscale spatial-temporal grid
with uniform step spacing J. Every major conventional linear transform—including
the Fourier, Cosine, Sine, Hartley, Laplace, Z, Mellin, Hankel, Radon, and Wavelet
transforms—is a specific projection or specialization of a single Universal Discrete
Kernel Operator ¢ 7, k] defined over Gy:

%?N[n, k] = r[]” (cos (275\;;/6) +Isin (#))

where 7[£] > 0 is a real radial scaling factor, §, = 2—17\’,16 is the discrete fundamental phase
angle step, and I is an oriented unit bivector satistying P=-1.

The unified transformation of a real analog or digital signal x[] into its multivector
spectral representation XT[k] is given by the finite inner product on €
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N-1

X[k = > x[n]Hy [n, k]2

n=0

Canonical Unification Mapping of Conventional Transforms

1. Discrete Fourier Transform (DFT) and Fourier Series: Setting r[] = 1 for all

k reduces the Universal Kernel to the pure phase rotor Zppr(n, k] = cos (Z”T”k ) +

Isin (27]”\’;/6 ) The scalar component Sc(X[k]) isolates the even (cosine) harmonic

spectrum, while the bivector component Biv(X[k]) isolates the odd (sine) har-

monic spectrum.

2. Discrete Cosine Transform (DCT) and Discrete Sine Transform (DST):
Taking the real scalar projection Sc(Hg ) or bivector projection Biv(Hy )
under grid boundary shifts (e.g., half-step grid offsets » — # + 1) yields the
standard discrete orthogonal cosine (DCT-II) and sine (DST-II) transforms:

N-1
Xpcrlk] = Z x[n] cos (%) 5
n=0
N-1
Xpgrlk] = > xlu]sin (”(k * 12)]5}2” + 1))9
n=0

3. Hartley Transform: Summing the scalar and bivector components directly
into a single real scalar value via the kernel operator cas(6) = cos 8 + sin d yields
the Hartley transform:

Kttartey 4] = Nzl *[] [cos (Z”T”k) +sin (27;\’;/6 )] >

n=0

Because cas(0) is purely real and self-inverse, it performs complete spectral anal-
ysis without requiring bivector decomposition or complex algebra.

4. Laplace Transform: Generalizing the radial factor to represent real exponen-

—o[k]o

tial spatial-temporal decay r[£] = ¢ and angular phase precession §, = w[k]d
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yields the Laplace transform kernel operator with s = 7 + Iw:

=5t -1, :
‘%Laplace(tn’ §) =¥ = g% (cos(wktn) - Ism(a)ktn))
This represents simultaneous physical energy dissipation into the surrounding

grid lattice and bivector phase precession in real phase space.

Z-Transform: The discrete grid counterpart of the Laplace transform, where

the discrete variable z = %

= r(cos @ + Isin §) represents a real bivector rotor
combined with a radial expansion or contraction factor ». The inverse kernel
z " = r"(cos(nd) —Isin(nd)) decomposes discrete time-series onto radial decay

rings and angular precessions over €.

Mellin Transform: Mapping the spatial-temporal index logarithmically onto
adiscrete radial grid » = ¢” transforms scale-dilation operators into linear phase
shifts, yielding scale-invariant power spectrum analysis.

Hankel (Bessel) Transform: Representing the 2D spatial Fourier transform
under rotational symmetry in a bivector plane ¢, A ¢,. Integrating the bivector
phase rotor over all polar angles ¢ yields real zero-order Bessel functions J, (k7)
as orthogonal radial eigenfunctions over discrete circular apertures.

Radon Transform: Projecting 2D spatial mass or field distributions along di-
rectional line apertures on a 2D discrete grid €, mapping spatial structures
into projection angles ¢ and radial offsets s.

Wavelet Transform: Applying localized multiscale bandpass windowing
Volnl = =y (#) to the discrete kernel, providing joint spatial-temporal and
spectral-resolution localization over multiscale grid tiers.

Hilbert Transform: Applying a quadrature phase-shift operator that rotates
every bivector component by 90" (multiplying by I), converting scalar cosine
modes into bivector sine modes to generate analytic real signal pairs.

Homomorphic Cepstral Analysis: Evaluating the real natural logarithm
of the bivector spectral magnitude IX[-l = \/ (Sc(XTk]))? + (Biv(X[k]))?
yields a purely real logarithmic scalar sequence L[k] = In( IXT£]). Inverse-

transforming L[] back to the spatial-temporal grid via the real cosine kernel
maps multiplicative system operations (such as lattice echo reflections or
vocal tract filtering) into additive linear components in the discrete quefrency
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domain g € %y, completely avoiding complex logarithms and multi-valued
phase branch cuts.

2D and 3D Spectral Typography: Spatial Interference Mitigation
and Master Field Equation Optimization on Discrete Aperture
Grids

Digital paragraph composition reveals an essential evolutionary distinction between
primitive one-dimensional formatters, two-dimensional combinatorial dynamic pro-
gramming, and global two-dimensional spectral field optimization:

1. One-Dimensional Greedy First-Fit Formatters (roff Architecture):

Early document formatting programs (such as roff, nroff, troff, and basic
text layout engines) operate strictly in one dimension. Text is streamed se-
quentially into a one-dimensional line accumulator. As soon as the accumu-
lated word widths exceed the specified measure, the engine commits a hard line
break at the nearest word boundary, distributes padding spaces across inter-
word gaps on that single line to achieve justification, and discards the line from
memory. Because this 1D greedy approach possesses zero lookahead and zero
vertical inter-line coupling, decisions made on line / have no awareness of line
/ -1 orline / + 1. When a difficult word sequence forces extreme expansion
or contraction, the 1D formatter generates localized spacing spikes, loose lines,
and erratic gap wander that can severely corrupt layout quality.

2. Two-Dimensional Dynamic Programming (The Knuth-Plass TeX Archi-
tecture):

Donald Knuth and Michael Plass fundamentally transformed paragraph
layout by replacing 1D greedy breaking with a two-dimensional dynamic pro-
gramming algorithm. Rather than breaking lines in isolation, the Knuth-Plass
algorithm treats an entire paragraph as a unified 2D grid structure. Feasible
breakpoints form the vertices of a directed acyclic graph (DAG), where edges
represent candidate lines characterized by their adjustment ratios, badness,
and penalty demerits.

Crucially, the Knuth-Plass algorithm is explicitly designed to reduce rivers.
Knuth and Plass recognized that conspicuous vertical or diagonal streaks of
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white space—rivers—occur when inter-word spaces wander unpredictably
across consecutive lines, particularly when lines of disparate tightness sit
adjacent to one another. To actively detect and penalize conditions that cause
rivers, the Knuth-Plass algorithm evaluates vertical inter-line coupling across

adjacent lines in the paragraph graph:

« Fitness Classification: Every candidate line is categorized into one of
four distinct fitness classes (class 0: very tight, class 1: decent, class 2:
loose, class 3: very loose) based on its adjustment ratio 7.

« Adjacent Incompatibility Demerits (\adjdemerits): The algorithm im-
poses severe demerit penalties whenever adjacent lines differ in fitness by
more than one class (such as a tight line immediately following a loose
line). By heavily penalizing abrupt inter-line spacing transitions, the algo-
rithm forces inter-word spacing to remain uniform and consistent down
the paragraph column.

« Consecutive Hyphenation Penalties (\doublehyphendemerits): Con-
secutive hyphenated lines are heavily penalized to prevent ragged right-
margin staircasing and associated whitespace channels.

« Global 2D Path Optimization: By minimizing the global sum of squared
or cubed badness plus demerits over the entire network of feasible paths,
the algorithm deliberately chooses line-break combinations that dis-
tribute space evenly throughout the two-dimensional block, explicitly
designed to keep inter-word spaces aligned harmoniously and suppress
the formation of rivers.

3. Contrasting Dynamic Programming with 2D /3D Spectral and Field Analy-
sis:

While two-dimensional dynamic programming is specifically designed to re-
duce rivers by enforcing line-level fitness compatibility and global graph-level
demerit minimization, its optimization operates on discrete scalar graph edges,
line-level adjustment ratios, and heuristic penalty weights. It does not directly
compute or manipulate the two-dimensional spatial frequency spectrum of the

rendered ink-and-whitespace field across the full page aperture G,,..

In human visual perception, reading is conducted over discrete single-page
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aperture boundaries G,,,. ¢ §y. A human reader perceives an entire page

age
aperture simultaneousfyé.g Even when dynamic programming balances line-
level badness, subtle spatial frequency resonances—periodic alignments of
inter-word voids, optical grating patterns, or directional energy peaks—can
still emerge across extended blocks of text. For individuals with visual
hypersensitivity, these subtle 2D spatial periodicities trigger acute visual noise,

perceptual distortion, and reading fatigue.

2D and 3D Spectral Typography complements dynamic programming by
formulating page layout directly as a 2D spatial field energy minimization
problem governed by the Master Field Equation DF = J and real bivector
Fourier/Hartley spectral operators evaluated over discrete single-page aper-
ture grids G,,,.. Where dynamic programming establishes optimal discrete
combinatorial line-break topologies, spectral analysis evaluates the 2D power
spectral density P[k,,k,], identifying directional energy spikes and applying
microtypographic perturbations to whitespace centroids to enforce a natural
1/f* (pink-noise) spatial flux that completely eliminates periodic visual

interference.

Discrete Single-Page Aperture Grid and Glyph Density Fields

Let fgpage = {(x,,%,,) | n€{0,1,..,N, -1}, m € {0, 1,... N, - 1}} be a 2D discrete spatial
grid representing a single page boundary with uniform grid spacing 9. A page layout

is defined by its spatial ink-and-whitespace field distribution f(x,, 5,,):

f(xniym) =1- I(xn’ym)

where (x,,y,) € [0,1] is the normalized opacity or ink density at grid coordinate
(%, 7,,)- Whitespace regions correspond to f(x,,,) = 1 (maximum field intensity),
while inked glyph bodies correspond to f(x,,y,,) = 0.

Iris Spectral Typography supports two primary modes of field representation:

1. Scalar Spatial Metric Mode: Glyphs are modeled by their bounding width
metrics 17, inter-word spacing intervals 5, and line heights ;. The whitespace
distribution f(x,, ,,) is discretized as rectangular spatial potential wells corre-
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sponding to word gaps across line indices /.

2. Full 2D/3D Glyph Shape Density Mode: Each glyph ¢ is represented directly
by its rasterized 2D contour density field 7, (v—x, y—y,) (or 3D spatial intensity
distribution [g(x, 9,z) when accounting for multi-threshold display rendering
or ink-spread dynamics). This mode captures exact OpenType glyph outlines,
subtle stem weights, serifs, kerning cuts, and inter-letter aperture geometry.

2D Bivector Fourier Spectral Decomposition of Page Whitespace

To quantify spatial interference and vertical/diagonal river alignment, compute the
2D real bivector Discrete Fourier Transform of the single-page whitespace field

S 9,):

N,-1N,-1
A . 2wk n 27rk},m . (27kn 27rkym 5
Flk,, ky] - ; o (%0 9) (COS( N + ]\[y ) + Isin ( N, + ]\[y )) )

where (k,,k,) denote 2D spatial frequency coordinates, and I = ¢¢, is the real unit
bivector generator satisfying I* = —1.

The 2D spatial power spectrum P[k,, k,] = IE (%, k] |* isolates directional spatial peri-
odicities across the page:

« Vertical Rivers: Produce sharp energy spikes along horizontal spatial frequen-

cies k, ~ + lN” at low vertical spatial frequencies &, = 0.

‘wor

« Diagonal Streams: Produce off-axis spectral peaks along directional wave vec-
tors k = (k,, /ey).

« High-Frequency Visual Noise: Corresponds to spectral energy concentrated
in spatial frequency bands matching the peak human visual contrast sensitivity
curve.

Human Visual System Weighting and Spatial Interference Action Functional

Human visual sensitivity to spatial luminance variations is governed by the Human
Visual Contrast Sensitivity Function (CSF) filter Hcgg(k,,4,). The total spatial in-
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terference field energy U g,.ciq OVer the single-page aperture €,,,.. is defined by the

page
weighted inner product:

N1

Uspeasi = 2. 3" Heselkok) |Flko ) I
X _y_

The objective of Iris Spectral Typography is to minimize U g,e o Over the space of can-
didate page layouts while enforcing strict legibility and page-boundary constraints.

Microtypographic Adjustment Operators
When full 2D/3D glyph shape density fields are available, the layout engine applies

three fine-grained microtypographic perturbation operators to destroy periodic spa-
tial interference peaks:

1. OpenType Feature Kerning Shifts Ax,;: Modifying pair-wise glyph offsets ac-
cording to OpenTYype positioning tables (GPOS), adjusting kerning within im-
perceptible bounds |Ax; ;| < €pepy.

2. Line Tracking and Inter-Word Expansion Factors «;: Scaling line tracking
and word gaps by a continuous factor ¢; € [1 — 7,1 + 7] (typically » =~ 0.02,
corresponding to a +2% adjustment).

3. Subtle Glyph Outline Profile Perturbations §: In full glyph shape density
mode, slightly widening or narrowing the horizontal outline profile of individ-
ual glyphs by factor 8, € [0.98,1.02]. Because glyph shapes are known, this
subtle shape adaptation alters letterform apertures without distorting stroke
proportions, shifting whitespace centroids on adjacent lines to disrupt vertical

river resonance.

Because single-page boundaries isolate independent page field domains, candidate
line-break topologies and microtypographic perturbations are evaluated in parallel
across vector processors using fast real 2D Hartley or Fourier transforms.

Proofs and Theorems

Example 1. Theorem: Unified Real-Bivector Spectral Transformation Theorem
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Let Gy = {nd | n € {0, 1,..., N —1}} be a finite discrete spatial-temporal resolution grid,

and let x[z] € R be a real-valued digital or m-res signal.

Every conventional linear integral and discrete transform (Fourier, Cosine, Sine,
Hartley, Laplace, Z, Mellin, Hankel, Radon, and Wavelet) is an exact specialization
or projection of the Universal Discrete Kernel Operator:

%93N[”’ k] = r[]” (cos (27;\;;/6) +Isin (%))

where 7[£] > 0 is a real radial scaling factor, I is a real unit bivector generator satisfying

I = -1, and no complex plane or imaginary numbers are required.

Proof:

1. Deconstruction of the Complex Imaginary Generator: In conventional anal-
ysis, the kernel is written as ¢~ 2N In real Geometric Algebra C/(0,1) or
Cl(2,0), substitute ; — —I where I = ¢¢,. By Euler’s real geometric identity,
¢ = cosf - Isiné. Every term in the expansion is a linear combination of a

real scalar and a real oriented bivector.

2. Constructive Derivation of Specializations:

N
Taking the scalar grade Sc yields the even cosine spectrum, and taking

the bivector grade Biv yields the odd sine spectrum.

« DFT: Set 7[k] = 1. Then X[k] = ¥ " x[x] (cos (222£) - Xsin (222£)) .

« DCT and DST: Projections Sc(#) and Biv(%) with grid boundary offset

}’l—>}’l+%.

« Hartley: Map the multivector sum Sc(%) +I"' Biv(#) — cos 6 +sind =
cas(9).

« Laplace and Z-Transforms: Set r[k] = 7R Then r[k]?e7 @m0 <

o~ (e TR+Lo[k)n 3

= ¢ %, Setting z, = €% = r[k]e"% converts the kernel into

-n

Z, .

« Mellin, Hankel, Radon, Wavelet: Mapped by radial coordinate substi-
tution » = ¢, polar bivector integration foh e_lkrcowd;é = 27y (kr), di-
rectional delta-line projections, and multiscale windowing ¥, , [z], respec-
tively.
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All operations execute strictly over real scalars, real bivectors, and finite discrete grid
sums on Gy, proving that complex numbers and continuum planes are completely
redundant. J

Example 2. Theorem: Discrete Multiscale Orthogonality and Parseval-Plancherel
Energy Conservation Theorem

On the discrete resolution grid 6§y = {rnd | » € {0,1,..,N — 1}}, the real bivector

Fourier basis elements &,[n] = ﬁ (cos (2%‘/6 ) + I'sin (MT”/“)) satisfy exact discrete or-
thogonality:

N-1

> €[] =4,

n=0
where 1 denotes bivector reversion (I' = -I). Furthermore, for any real signal x[x],

total physical field energy is strictly conserved across domain representations:

N-1
> Gl = 5 > X8
k=0

n=0

I

2

where | X181 = (Sc(XTkD)” + (Biv(RTAD)

Proof:
1. Bivector Basis Orthogonality: Compute the bivector inner product sum for
indices k, m:
N-1 N-1
1 27nk 27nk 2anm 2wnm
T _ 4 2Nk Yo SR
;%k[n]%m[n] =% ; (cos N + Isin N )(cos N Isin N )

Expanding the geometric product and using trigonometric product identities:

=

L
N

n

S [cos (—Zﬂn(]k\[— ™) ) + Isin (—an(i[— ™) )]

Il
[=}
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For k = m, every term equals 1 + 0 = 1, yielding %(N ) = 1. For k # m, the sum
is a finite geometric series of non-zero phase rotations over a complete period,
summing identically to zero. Thus, Ziv:_l g [n]%T (2] = 3,-

2. Energy Conservation: Substitute x[z] = % Z P /e]‘gT [#] into Zi\i_ol (x[n])?
and apply discrete basis orthogonahty Interchangmg the order of summation
yields the exact equality Z (x[n])?* = % Z:i_ol el proving exact physi-
cal field energy conservation. D

Example 3. Theorem: Master Field Equation Optimization of Single-Page 2D Spec-
tral Typography and Spatial Interference Mitigation Theorem

Let Gpppe = {(x,,7,,) | » € {0,1,. -1}, m € {0,1,. 1}} be a 2D discrete
single-page aperture grid with umform step spacing d. Let f ( > V) - I(x,,,,) be

the page whitespace distribution generated by rendering text with mk density field
(%> Jm)-

The 2D spatial visual interference field energy U g.c.s weighted by the Human Visual
Contrast Sensitivity Function H g (%, k,):

N-1N1

U§pectral = /; /ez:b Hsr (kx’ ky) “ﬁ[kw /ey] H2

is strictly minimized over single-page layout topologies via microtypographic pertur-
bation vectors p = (Ax,, , 8,) acting on OpenType kerning, line tracking, and hor-
izontal glyph outline shapes. On single-page boundaries, this spectral field optimiza-
tion destroys periodic 2D whitespace rivers and spatial interference patterns in paral-
lel (NN, log(N.N,)) computational time per page candidate.

Proof:

1. Single-Page Aperture Domain Isolation: Because a human reader processes
text within a single-page visual boundary, the spatial field distribution £ (x,,, y,,)
vanishes outside &,,,,.. Page layout optimization is decoupled into independent
single-page field domains, enabling parallel evaluation across vector units.

2. 2D Real Bivector Spectral Representation: The 2D Discrete Fourier Trans-
form of the page whitespace field f(x,,y,,) in real Clifford algebra C/(2,0) is
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given by:
\ N1 drkgn  2mhk,m . (2zkn  2mkm\\
F[/ex,/ey] = Z F (%, 9,) (cos( ~ TN )+Ism( ~  t T))é\
n=0 m=0 x y X y

Vertical whitespace rivers and diagonal periodic gap alignments correspond to
localized spectral energy concentration spikes at spatial frequency vectors k =

(ko ).

3. Microtypographic Perturbation Response: Applying microtypographic
adjustments—OpenType kerning shifts Ax,;, line tracking factors «;, and
glyph outline shape profile modifications ﬂg € [0.98,1.02] —shifts the spatial
coordinates of whitespace centroids by (Ax,,0). The perturbed 2D Fourier
spectrum satisfies:

2rken 27rky m

A A I( NN )
Elkyk,) = Flho k) + > (Vf(x,3,) - Ar)e %

nm

Adjusting glyph outline shape profiles ﬂg modulates the spatial gradient
V£ (x,,7,) directly at letterform aperture edges.

4. Spectral Energy Minimization: Setting the gradient of the Human Visual
weighted action functional V,Ug,..rai = O establishes a convex quadratic
minimization over the bounded microtypographic search space | ﬂg -1| <0.02.
Because the perturbation disrupts phase alignment across adjacent lines 7 and
m + 1, the peak interference spectral density drops below the human visual
perception threshold H g (k,, #,), eliminating 2D rivers and spatial noise. [

Completely Worked Textbook Examples

Example 1: Real Bivector Discrete Fourier Decomposition of a Sampled Pulse Sig-
nal

Problem Statement: Consider a finite real signal sequence x[x] = [1,1,0,0]" defined
on a 4-point resolution grid ¢, = {0,1,2,3} with step 9 = 1. Compute the com-
plete real bivector Fourier spectrum X [£] for harmonic modes £ = 0, 1,2, 3 using the
real bivector kernel operator #[n, k] = cos (272”/( ) — Isin (2””k ), and verify Parseval-

%
Plancherel energy conservation.
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Solution:

« Harmonic Mode % = 0: Evaluating the kernel for £ = 0: #[»,0] = 1 for all ».

X[O]=ix[n](1)=1+1+0+0=2

n=0

= 3.

« Harmonic Mode £ = 1: The fundamental phase step angle is § = 27;7(1) =Z

Evaluating the kernel for each grid point »:

- n=0: F[0,1] = cos(0) — Isin(0) = 1

n=1:F[1,1] = cos (5) = Isin(5) = -1

|

n=2: HK[2,1] = cos(x) — Isin(7) = -1

n = 3: K[3,1] = cos(%”) - Isin(%”) = I Computing the finite inner
product over G:

X[1] = (1)) + (1)(-1) + (0)(=1) + (0)() = 1 - T

The scalar component is Sc = 1 and the bivector component is Biv = —1.

« Harmonic Mode & = 2: The phase step angle is ¢ = 7. Evaluating the kernel
for each grid point n:

n=0:%[0,2] =1

n=1: F[1,2] = cos(z) — Isin(z) = -1

n=2: K[2,2] = cos(2z) — Isin(27) = 1

- n = 3: #[3,2] = cos(37) — Isin(37) = -1 Computing the finite inner
product:

X[2] = (1)(1) + (1)(=1) + (0)(1) + (0)(-1) = 0

« Harmonic Mode £ = 3: The phase step angle is § = 3. Evaluating the kernel
for each grid point #:

- n=0: X[0,3] = 1
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- n=1:F[1,3] =cos(37”)—lsin(37”) =1
- n=2:%[2,3] =-

— n=3: #[3,3] = -1 Computing the finite inner product:

X[3] = (1)(1) + (1)(D) + (0)(=1) + (0)(-D) = 1 +1

« Verification of Parseval-Plancherel Energy Conservation: In physical spatial
grid space, computing total field energy:

3
Egria 2 x[n])? = +(1)*+(0)* + (0)* =2
n=0

In real bivector spectral space, computing the multivector norm squared

IXTEIN* = (Sc(XTkD))? + (Biv(X[]))*:

1X10] ||2 =224+0%=4

XTI = 12+ (-1)° =2

IX[2]]* = 0> + 0> =0

||X [3]]* = 1> + 1* = 2 Summing spectral energy terms:

)—A

8
2
Epectral = 4§ |X[IIP = Z(4+2+0+2) = 7 =2

Thus, Egiq = Egpectral = 2, confirming exact discrete energy conservation.
Example 2: 2D Bivector Spectral Analysis and Microtypographic Interference
Mitigation of a Page Aperture Snippet

Problem Statement: Consider a 2D page aperture grid snippet ., containing a 4-
line text layout. The rendered whitespace field f(x,, y,,) across grid coordinates » €
{0,1,2,3} (horizontal) and m € {0,1,2,3} (vertical lines) exhibits a vertical whites-
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pace river along column index » = 2, where inter-word gaps align perfectly:

0010

0 010
f(xn’ym) =

0 010

0 010

1. Compute the 2D real bivector Fourier spectrum F[k,, k,] of this unadjusted
layout and demonstrate the presence of the vertical river spectral spike.

2. Apply a microtypographic perturbation vector p that shifts the whitespace gap
on line m = 1 by one grid unit to » = 1 via OpenType kerning and glyph width
adaptation §,, producing the adjusted whitespace field:

0 01 0
010 0
F @ y) =
001 0
001 0

Compute the new 2D spectrum F'[k,, k,] and show the reduction in peak ver-
tical river spectral energy at spatial frequency (k, = 2,4, = 0).

Solution:

1. Unadjusted 2D Spectrum F [k, k,]: Evaluating the 2D transform over
f(x,,9,,) = 1for n =2 across all lines m € {0, 1,2, 3}:

3 27k, (2) Zﬂkym wkym

ﬁ[kx,ky] = Z(l)é’l( Tt ) _ C’Iﬁk"iel J
m=0

m=0

« For horizontal spatial frequency &, = 2 and vertical spatial frequency &, =
0:

3
F[2,00 =% (1) =1x4=4

m=0



27

The spectral energy power at (2,0) is P[2,0] = |4|> = 16. This represents
an intense, unmitigated 2D vertical river spectral spike.

2. Adjusted 2D Spectrum F'[,, k,]: For the microtypographically perturbed lay-
out f'(x,,%,,), whitespace resides at (2,0), (1, 1), (2,2), and (2,3): Evaluating at
spatial frequency (, = 2, £, = 0):

« Linem=0: f(2,0) =1 =

e Linem=1: f(1,1) =1 — /W =1

e Linem=2: f(2,2)=1 = =1

« Linem=3:f(2,3)=1 = MA@ =1 Summing terms at (k, = 2,4, = 0):

F[2,0]=1+(-1)+1+1=2

The perturbed spectral energy power at (2,0) is P'[2,0] = [2|* = 4.

3. Conclusion: The single microtypographic shift reduced the peak vertical river
spectral energy from 16 down to 4 (a 75% energy reduction), successfully dis-
rupting the 2D spatial interference pattern and demonstrating the power of
Master Field Equation spectral typography on discrete aperture grids.
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Circuit Theory: Kirchhoff's Laws, Lumped Circuit Ele-
ments, and Shielded Enclosures

This chapter formulates classical and high-frequency circuit theory from first princi-
ples on discrete multiscale resolution grids 6, deriving Kirchhoff’s voltage and cur-
rent laws, resistors, capacitors (condensers), inductors (coils), transient RC and LC
circuit dynamics, the tuning section of crystal radios, the full practical crystal receiver
circuit with 0.25V threshold rectifier and 4000 ohm headphones, transformers, an-
tennas, earth grounds as active RF counterpoises, grounded chassis, and electromag-
netic shielding,.

Kirchhoff’s Laws and Fundamental Circuit Topologies on Discrete
Resolution Grids

Linear circuit theory is the lumped-parameter projection of the Master Field Equa-
tion DF = ] on discrete spatial-temporal resolution grids €. When physical circuit
dimensions are small relative to the wavelength of field oscillations (d /1 <« 1), electric
and magnetic field energy distributions compress into lumped nodes and branches.

Derivation of Kirchhoff’s Voltage Law (KVL)

In a quasi-static multivector field configuration, the electric vector field E is the gradi-
ent of a discrete scalar potential field ® on €, (E = -V - %* ). Integrating the electric
field along any closed loop aperture € composed of discrete circuit branches yields:

3513-511:—95 vcp.dl—iffB-dA
® ® dr J

When magnetic flux linkage inside the loop aperture is localized within discrete
magnetic components (such as inductors or transformers), the line integral of —-V®
around the loop vanishes identically:

M
> V=0

k

—_

stating that the sum of potential differences around any closed circuit loop is zero.
When time-varying magnetic flux cuts across the loop aperture, Faraday’s law of in-
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a0,

duction produces a non-conservative loop electromotive force €y,,, = =7

Derivation of Kirchhoff’s Current Law (KCL)

The current density vector J satisfies local charge conservation governed by the dis-
crete charge-conservation balance equation V - J + ’;—/j = 0 on the discrete grid €.
Integrating this charge-conservation relation over a closed spatial surface § enclosing
a circuit junction node yields:

In quasi-static lumped circuits, no net electric charge accumulates at an ideal node
(% = 0), yielding Kirchhoff’s Current Law (KCL):

K
> h=0

k=1

stating that the sum of electric currents entering any circuit node equals the sum
of currents leaving that node. At higher frequencies, parasitic capacitance between
nodes and ground introduces stray displacement current leakage [, = C;”s—lt/.

Graph-Theoretic Circuit Topologies and Tellegen’s Power Conservation

A circuit network composed of N nodes and B branches is fully represented by its
reduced incidence matrix A € R™N"V*8 fundamental loop matrix B € R E-N+1<B
and fundamental cutset matrix Q. Tellegen’s theorem proves that for any arbitrary

network topology, total power at each m-resolution time step is conserved:

> u(8)i () = 0

B
=1

Mechanical and Fluid Dynamics Analogies for Lumped Circuit Ele-
ments and Kirchhoff’s Laws

To establish a clear physical picture on the objective level, every lumped circuit ele-

ment and conservation law maps directly to an exact mechanical or fluid dynamic
counterpart.
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The Hydraulic Isomorphism for Circuit Quantities

.

Electric Current / (Amperes) <> Volumetric Fluid Flow Rate Q (m?/s): The
volume of incompressible fluid passing a pipe cross-section per unit time.

Electric Potential Difference 7 (Volts) <> Hydraulic Head Pressure Differ-
ence AP (N/m”): The hydrostatic pressure drop between two pressure taps in
a hydraulic conduit.

Resistance R (Ohms) < Fluid Constriction Orifice / Porous Plug: Viscous
fluid friction against pipe walls or a constricted orifice plate where hydraulic
pressure drop obeys AP = Ry, 4Q, irreversibly converting fluid pressure power
into thermal heat.

Capacitance C / Condenser (Farads) < Flexible Elastic Diaphragm / Hy-
draulic Accumulator: A fluid chamber bisected by a sealed, flexible rubber
diaphragm. Inflowing fluid deforms the diaphragm, storing pressure energy
without fluid crossing the rubber barrier: Q = C hydiz_f' Total hydraulic energy
stored in the stretched diaphragm is W = 1C hyd(AP)z.

Inductance L / Coil (Henries) <> Heavy Fluid Inertia / Hydraulic Flywheel
Turbine: A long, heavy column of dense fluid in an insulated pipe or a fluid tur-
bine coupled to a heavy mechanical flywheel. The inertia of the fluid mass re-
sists rapid changes in velocity, generating a back-pressure proportional to fluid
acceleration: AP = I‘hydil_?‘ Total kinetic energy stored in the moving fluid
column is W = %LhdeZ.

Mechanical Analogies for Kirchhoff’s Laws

.

Kirchhoff’s Current Law (KCL) < Hydraulic Fluid Incompressibility at
Pipe Junctions: At any sealed pipe junction node, the total volumetric fluid
flow rate entering the junction must equal the total flow rate leaving: > Q, = 0.
Because fluid mass cannot be destroyed or accumulated at an ideal junction,
current conservation directly corresponds to fluid mass conservation.

Kirchhoff’s Voltage Law (KVL) < Closed Hydraulic Loop Pressure Conser-
vation: Summing hydrostatic pressure changes around a closed hydraulic loop
returns to the starting pressure, ensuring > AL, = 0.
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Resistors, Capacitors (Condensers), and Inductors (Coils)

Physical lumped circuit elements represent localized energy dissipation, electric field
energy storage, or magnetic field energy storage in the m-resolution field medium.

Resistors and Ohmic Dissipation

A resistor of resistance R represents the irreversible conversion of electrodynamic
field energy into lattice thermal phonons via microscopic electron-lattice collision

scattering. Ohm’s law is the localized constitutive relation J = ¢E, mapping for a

/

uniform conductive cylinder of length / and cross-sectional area 4 to R = —:

V =1IR

The rate of irreversible thermal energy dissipation into the grid lattice is given by
Joule’s law: P = IV = I’R = %2 The resistance varies with temperature accord-
ing to R(T) = Ry(1 + aAT), and exhibits frequency-dependent skin effect resistance
R, =Ry (;—g) at high frequencies.

Capacitors (Condensers)

Capacitors—historically and traditionally designated as condensers in early electrical
engineering—store electric field energy within a dielectric volume between conduc-
tive plates. Charge accumulation Q on condenser plates generates a terminal poten-
tial difference:

Q=Cr

where C = ¢4 is the capacitance for parallel plates separated by distance d with
relative permittivity ¢.. The time variation of terminal voltage drives a physical dis-
placement current . = C4- through the dielectric medium. The total electric field
energy stored in the condenser dielectric is:

1o 1¢°
Wp=3Cr =3¢
Dielectric materials exhibit maximum breakdown dielectric strength Ey .., and di-
electric dissipation loss tangent tan 9 = %.
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Inductors (Coils)

Inductors—traditionally designated as coils—store magnetic field energy within the
bivector magnetic field generated by current flowing through wound wire turns. To-
tal magnetic flux linkage ® through the coil turns is proportional to the current:

O=LI

N*4
where [ = £

is the coil inductance for a long solenoid of N turns. By Faraday’s
law of induction, a time-varying magnetic flux induces a counter-electromotive force
(back-EMF) across coil terminals:

dl

= L—
" dt

The total magnetic field energy stored within the coil turns is: Wy = 3 LI*. Magnetic
core materials display non-linear hysteresis magnetization curves B(H), magnetic sat-

1.6

uration B_,,, and core losses composed of hysteresis loss B}, = k, /B,

rent loss P = k f*B2 . .1°.

max

and eddy cur-

Transient Dynamics and Frequency Response in RC and LC Circuits

The temporal evolution and frequency response of circuits containing combinations
of resistors, condensers, and coils govern signal filtering, energy storage, and resonant
selectivity on the discrete resolution grid €.

1. RC Transient and Filtering Dynamics: When a constant source voltage V is
applied to a series resistor R and condenser C, Kirchhoff’s Voltage Law yields
the first-order differential equation:

ave(z)
dt

RC

Defining the characteristic time constant 7 = RC, the charging step response

across the condenser dielectric is V(z) = V] (1 — e T), with charging current

decay I(z) = %e‘t /7. In the frequency domain, the series RC network operates
as a first-order low-pass filter with transfer function H(f) = m, exhibiting
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a -3 dB cutoff frequency at:

1
fe= 5/

2. LC Undamped Harmonic Resonance: In an ideal lossless LC tank circuit com-
prising a coil L and condenser C, charge conservation and magnetic back-EMF
govern the second-order harmonic oscillator equation:

Q) Q)

=t ¢

=0

The exact natural angular resonant frequency is &, = yielding the natural

1
JIC’
resonant frequency:

1
- 27r\/L_C

The stored energy alternates back and forth between electric field en-

Jo

ergy Wy(¢) = 3CV(¢)* in the condenser dielectric and magnetic field energy
Wy (t) = 3LI(¢)* inside the coil turns, keeping total field energy Wy, = W+ W
strictly conserved.

Transformers, Antennas, and Impedance Matching
Transformers and Mutual Inductance

When two or more inductors (coils) share a common magnetic flux path through a
high-permeability magnetic core, time-varying current in the primary coil induces a
voltage in the secondary coil via mutual inductance M = k\/m (where £ < 1 is the
magnetic coupling coefficient). For an ideal transformer with primary turns N; and
secondary turns N,:

h_N, b

_ _ N
noNS LN
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A load impedance Z; connected to the secondary terminals reflects back to the pri-
mary terminals as an equivalent input impedance:

2
z —(ﬁ)z
in — ]\[2 ‘L

enabling complete impedance matching between power sources and loads.

Antennas as Circuit-Field Launching Elements

An antenna serves as an electrodynamic transducer between lumped guided currents
in a circuit and propagating wave fields in the spatial grid €. Characterized by its
radiation resistance R4, an antenna converts terminal current ; into launched elec-
tromagnetic wave power P4 = 23R4 A Hertzian dipole of length d/ < 2 has

2
radiation resistance R, 4 = 807” (%) , while a resonant half-wave dipole antenna in
free space exhibits R4 =~ 73 Q.

Impedance Matching Networks

To maximize real power transfer from a source with complex bivector internal
impedance Zg = R + IX; to aload Z; = R; + LX}, the conjugate matching condition
Z; = Zg = Rg — LX; must be satisfied. Impedance matching networks—utilizing
L-sections, Pi-sections, T-sections, and quarter-wave transmission lines—transform
arbitrary load impedances to match generator source impedances.

Electrodynamic Tuning Section and Full Practical Crystal Receiver Circuit

A classic, practical application of LC resonance, impedance matching, and non-linear
signal rectification is the crystal radio receiver. Operating without external batteries
or power supplies, a crystal radio extracts both acoustic sound power and signal in-
telligence directly from incoming amplitude-modulated (AM) electromagnetic wave

fields.

1. The Resonant LC Tuning Tank and Frequency Selectivity: Intercepted RF
signal current from an elevated long-wire antenna and active earth ground
counterpoise drives a parallel LC tuning tank consisting of a high-Q tuning
coil L and a variable tuning condenser C. At the targeted carrier frequency

fo = ﬁ, the parallel tank exhibits maximum equivalent parallel resistance
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R, = Qu,L (where Q = M%L is the tank quality factor and 7 is coil wire resis-

tance). This parallel resonance produces a high peak RF voltage V', across

ank
the tuning terminals while shorting off-resonance channels to ground. The se-

lectivity bandwidth is Af = %

. Non-Linear Detection with Threshold Rectifier: The tuned RF voltage
V() = V,(1 + mcosw,r)cosw,t is applied across a point-contact crystal
detector (such as a Galena, Pyrite, or germanium diode). The detector
operates as an ideal threshold rectifier with a characteristic forward turn-on
voltage threshold Iy, = 0.25V (reflecting the localized metal-semiconductor
Schottky barrier potential drop). Current flows through the rectifier junction
only during positive half-cycles where V' ((r) > Vy, = 0.25V, stripping the
negative half-cycles and converting the high-frequency AC carrier into a series
of unidirectional, amplitude-modulated current pulses.

. High-Impedance 4000 QO Headphones and RF Bypass Condenser Load Stage:
The rectified current pulses drive aload stage comprising high-impedance mag-

netic headphones (with winding DC resistance R = 4000 Q) connected

phones
in parallel with an RF bypass condenser Cyy,, s ~ 1.5 nF.

« RF Carrier Bypass Action: At the carrier radio frequency (e.g.
£ = 10MHz), the bypass condenser presents low reactance
Xeyt = Wlbypass ~ 106.1 Q « 4000 Q. Consequently, 97.4% of the
residual high-frequency RF carrier current bypasses harmlessly through
Chypass directly to ground, preventing high-frequency inductive choking
in the headphone coils.

« Audio Modulation Current Demodulation: At audio modulation fre-
quencies (e.g. f, = 1.0 kHz), the bypass condenser presents very high re-

actance X¢ .40 = 27ff+b ~ 106.1 kQ > 4000 Q. Thus, 96.4% of the low-
2 4~ bypass
frequency rectified audio envelope current 7 4,(¢) = % is

phones

driven directly through the 4000 Q magnetic headphone windings, gen-
erating magnetic force variations that actuate the headphone diaphragm
and produce clear acoustic sound.
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Earth Grounds, Grounded Chassis, Electrostatic Shielding, and
Faraday Enclosures

Earth Grounds and Terrestrial Reference Planes

An earth ground connects electrical systems directly to the physical conductive mass
of planet Earth via buried copper rods, grounding grids, or plates. The terrestrial earth
acts as an unbounded, zero-potential electric charge sink, stabilizing system reference
potentials and providing a low-impedance discharge path for lightning strikes and
utility fault currents.

Earth Grounds as Active Counterpoises and Supplementary Antennas

In addition to serving as zero-potential static references, earth grounds act as active
electrodynamic counterpoises and supplementary antenna elements in asymmetric
radio-frequency (RF) systems, such as long-wire monopoles, AM broadcast reception
systems, and passive crystal or diode receivers. Electrodynamically, an overhead long-
wire antenna connected to a tuning coil forms only one half of an asymmetric dipole
structure; the conductive terrestrial earth beneath forms the lower half.

Passing radio-frequency electromagnetic wave fields induce surface image charges
and displacement currents within the earth’s conductive soil. By grounding the lower
terminal of the receiver’s tuning inductor to a moist soil rod or metallic cold-water
pipe, the terrestrial ground operates as a low-impedance RF counterpoise that closes
the Poynting field loop. The earth ground actively captures and returns RF wave
energy, effectively functioning as an extended, supplementary antenna mirror that
substantially increases receiver selectivity and RF signal current throughput in un-
amplified crystal radio circuits.

Grounded Chassis and Signal Return Paths

A grounded chassis uses the metallic enclosure or structural frame of an electronic
device as a common zero-volts reference plane and return path for power and signal
currents. It is vital to distinguish safety earth ground from chassis signal ground to
prevent spurious ground loops, where circulating noise currents induce hum and in-
terference across sensitive signal channels. Proper grounding architectures employ
star-grounding configurations or differential balanced signaling.
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Electrostatic and Electromagnetic Shielding

A Faraday cage or conductive metallic shield encloses sensitive circuits to exclude
external electric fields. Free charges inside the conductive shield realign under exter-
nal fields, establishing an equal and opposite surface charge density o, that completely
cancels interior electrostatic fields. At high frequencies, electromagnetic wave fields
penetrate conductive shields only to the finite skin depth o, = ‘/%, providing expo-
nential field attenuation E(z) = Ey¢ /% through the chassis metal. Total shielding
effectiveness (SE) in decibels is the sum of absorption loss 4 = 8.686% dB, reflection
loss R, and re-reflection correction M. i

Formal Postulates and Theorems of Circuit Theory

Example 4. Theorem: Derivation of Kirchhoff’s Circuit Laws from the Master Field
Equation

On discrete resolution grid €, under quasi-static lumped field approximations
(d/2 < 1), the Master Field Equation DF = ] strictly implies Kirchhoff’s Voltage
Law (3 ¥}, = 0) around closed circuit loops and Kirchhoff’s Current Law (3 1, = 0)
at circuit node junctions.

Proof:

1. KVL Proof: In quasi-statics, VxE =0 — E = V. Integrating E-dl around
any closed loop yields § E - dl = @, — ®, = 0, which sums the branch voltage
drops > ¥, = 0.

2. KCL Proof: Taking the divergence of the Master Field Equation vector source
current yields charge conservation V - J + (;—/; = 0. Integrating over a junction
volume where no net charge accumulates (dp/dt = 0) yields §J- dA =0 —
> =0.0

Example 5. Theorem: Energy Conservation in Electric Condensers and Magnetic
Coils

In an ideal non-dissipative LC circuit composed of a condenser C and a coil Z, total
electrodynamic field energy W .1 = Wp+Wy = 2CV (£)*+3 LI(¢)* is strictly conserved
at all time steps z, € 6.

Proof:
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ByKVL, Vo (6)+V;(r) =0 = V(z) +L§—f = 0. Differentiating total energy with respect
to time yields dw;—‘;’;‘“ = CV”;—Z + L[% = V(C”;—I;) + I(Lfil—f). Substituting / = —C’Z—Il/ and
Li—f = -V yields % = V(-1I) + I(-V) = 0. Thus, energy oscillates persistently
between condenser electric fields and coil magnetic fields without loss. []

Example 6. Theorem: Maximum Power Transfer Theorem for Complex Bivector
Impedances

For an AC source with generator internal impedance Zg = R¢ + LX;, maximum real
average power is delivered to aload Z; = R; + LX; ifand only if R, = Rg and X; = -X;
(the conjugate match condition Z; = Z;).

Proof:

Total circuitimpedanceis Z ., = (Rg+R;)+I(X;+X;). The current amplitude squared

is ]2 = V—Oz
0 (Rg+R; )2 +(Xs+X)*

2
%W. To maximize B, with respect to X, set X; = —Xj, rendering the

. Average real power dissipated in the load is B, = 7R, =

2

denominator purely resistive. Then differentiating 5, = %% with respect to R,

and setting to zero yields R; = Rg. Thus Z; = Z, achieving maximum power transfer
2

Py =5 O

max — 8Rg*

Completely Worked Technical Examples
Example 1: Multivector Nodal Analysis of an RLC Bridged Network

Problem Statement: An AC source V() = 120 cos(2z ft) at f = 60 Hz drives an RLC
circuit with resistor R = 10 Q, condenser C = 100 #F, and coil L = 50 mH connected in
series. Calculate coil reactance X, condenser reactance X, net impedance Z, current
amplitude [, phase angle ¢, real power P, reactive power Q, and total stored field
energy.

Solution:
1. Coil Reactance X;: X; = 2z fL = 27(60)(0.050) ~ 18.85 Q.

2. Condenser Reactance X: X, =

1 1 ~
27fC ~ 27(60)(100x1076) 26.53 Q.

3. Net Bivector Impedance Z: Z = R + I(X; — X;) = 10 + I(18.85 — 26.53)

10 — 7.681 Q. Magnitude: |Z| = /102 + (-7.68)% = Y100 + 58.98 = {/158.98
12.61 Q.

Q
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4. Current Amplitude I;: [, = & = s =~ 9.52 A. RMS current /., =

9.52
z N
673 A.

5. Phase Angle ¢: ¢ = arctan (%) ~ -37.52° (leading current).

6. Power Metrics: Real power P = I R = (6.73)*(10) ~ 453.0 W. Reactive

rms

power Q = I2,.(X; — X;) = (6.73)*(~7.68) =~ —347.8 VAR.

rms (

7. Peak Stored Energies: Coil peak energy W ;e = ILI; = 1(0.050)(9.52)* ~
2.26]. Condenser peak energy W ,cai = 1CVZ = 1(100 x 107°)(9.52 x 26.53)* =
3.197.

Example 2: Electromagnetic Shielding Effectiveness of a Copper Enclosure

Problem Statement: A copper Faraday shield of thickness # = 1.0 mm (conductiv-
ity o = 5.8 x 10" S/m, relative permeability x. = 1.0) encloses sensitive electronics.
Calculate the skin depth 9, and absorption loss 4 at signal frequencies of / = 60 Hz,
f=1MHz,and f = 1 GHz.

Solution:
_ LS = 2 _ 2 ameoinss o
1. Atf = 60 Hz: é} = \/27:(60)(47r><10_7)(5~8><107) - ‘/2.748><102 =+17.278 x 107> = 8.53 mm.
Absorption loss: 4 = 8.686 (35322 =~ 1.02 dB.
2. At f=1MHz: 9, = ‘/27[(106)(4ﬂx120,7)(5_8X107) ~ 0.0661 mm = 66.1 um. Absorption

loss: 4 = 8.686 (5ra™™) ~ 131.4 dB.

3. At f = 1GHz: g, = ‘/2”(109)(4”x120,7>(5.8x107) ~ 2.09 um. Absorption loss: 4 =

8.686 (0_01(520%) ~ 4156 dB (complete field exclusion).

Example 3: Comprehensive Electrodynamic Analysis of a Full Practical Crystal
Receiver Circuit

Problem Statement: An elevated long-wire AM antenna and active earth ground
counterpoise drive an AM broadcast signal at carrier frequency £ = 1.0 MHz with
audio modulation index m = 0.50 at f, = 1.0 kHz. The antenna-ground system mod-
els as an RF source of peak amplitude 7, = 1.60 V with internal source resistance
R, ¢ = 20 kQ connected across a parallel tuned LC tank consisting of a coil L = 250 xH
(wire resistance 7, = 10 Q) and variable tuning condenser C = 101.321 pF (tuned to
fo = 1.0 MHz). The tuned RF voltage drives a germanium point-contact detector
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with an ideal threshold rectifier having a turn-on threshold V', = 0.25V, connected

toR

phones

= 4000 Q high-impedance headphones in parallel with an RF bypass con-

denser Cyy,,ss = 1.5 nF. Calculate:

1.

The tank resonant frequency f;, coil reactance X;, unloaded quality factor Q,,
and parallel equivalent resistance R,,.

2. The loaded peak RF tank voltage V', delivered across the detector, verifying
that Vtank > Vth =0.25V.

3. 'The peak rectified current I, average audio current /,,4;, and net audio
power P, 4, delivered to the 4000 Q headphones.

4. The bypass condenser reactances X ¢ at 1.0 MHz and X, 4;, at 1.0 kHz,
demonstrating RF carrier shorting vs audio current drive into the 4000 Q
headphone windings.

Solution:
1. Tank Resonance and Quality Factor Q,:

1

1
27JLC 2m/(250x1076) (101.321x10712)

. Resonant frequency: ﬁ) =
1.00 x 10° Hz = 1.00 MHz.

« Angular frequency: », = 27 f; = 6.2832 x 10° rad/s.
« Coil reactance: X; = w,L = (6.2832 x 10°)(250 x 107°) = 1570.8 Q.

« Unloaded Quality Factor: Q, = % = B8 = 157.08.

« Parallel Equivalent Resistance: R, = QX = (157.08)(1570.8) =
246.7 kQ.

2. Loaded Peak RF Tank Voltage V', ,:

« The effective load resistance presented by the half-wave rectifier driving

the 4000 Q headphones is Rjg,q e = 7R phones = 7(4000) = 12.57 kQ.

« Parallel combination of tank parallel resistance and load: R, joaded =

R,R
Rioadet _ (2467)(12.57)
R Ripges | 2867+1257 11.96 kQ.

R ank,loaded _ 11.96 ~
Vg piklended 1 ). 1160 600V,

ant Rant +Rtank,loaded

« Peak RF tank voltage: I/,

ank —
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« Since Vi = 0.600 V > V', = 0.250 V, the rectifier turns on during each
positive RF peak.
3. Rectified Currents and Net Audio Power to 4000 ) Headphones:

« Peak differential voltage driving current: Vg = Ve = Ve = 0.600 —

0.250 = 0.350 V.
« Peakrectified current: 7, = R]Ziinffes = 0350% = 8.750x107° A = 87.50 4A.
« Average rectified audio current: I, g, = Ip;“’k = w ~ 27.85 uA.
« Netaudio power delivered to 4000 Q headphones: P, 4, = 17, dioRphones =

(27.85 x 107°)*(4000) = 3.10 x 107 W = 3.10 & W.
4. Frequency-Selective Action of the Cy,,,,,, = 1.5 nF Condenser:

« At carrier frequency £, = 1.0 MHz: X ¢ = m ~ 106.1 Q.
Since X¢ ¢ = 106.1 Q < 4000 Q (Rppones), 97.4% of the RE carrier rip-
ple passes safely through the bypass condenser, protecting the headphone

coils from high-frequency reactive choking.

. 1

« At audio frequency £, = 1.0kHz: X .udi0 = s7q00a5000y ~ 106-1kQ.
Since X¢ 4udio = 106.1 kQ > 4000 Q (Rpypones ), 96.4% of the low-frequency
rectified audio envelope current flows directly through the 4000 Q head-

phone windings, driving clear acoustic sound output.
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Transmission Theory, Power Engineering, and Electrical
Machinery

This chapter establishes the theory of transmission lines as electromagnetic waveg-
uides where power travels in the dielectric, demystifying Poynting vector transport
through first-principles electrodynamics. It covers telephone, cable TV, internet
cables, high-voltage AC/DC power transmission grids, electrodynamic generators,
induction motors, synchronous motors, brushed DC motors, and brushless DC
(BLDC) motors.

Guided Wave Dynamics in Transmission Lines and Dielectric En-

ergy Transport

A transmission line—whether a coaxial cable, parallel wire pair, microstrip trace, or
rectangular waveguide—is fundamentally an electrodynamic guided wave structure.
Electric and magnetic field wave packets propagate through the insulating dielectric
medium bounded and guided by conductive surfaces.

Physical Analysis of Dielectric Energy Transport

In classical electrical engineering education, the observation that electromagnetic
power flux S = E x H resides within the insulating dielectric medium between con-
ductors, rather than inside the metallic wire lattice, has historically been perceived as
counter-intuitive by students accustomed to lumped circuit heuristics. Within the
framework of Maxwell-Heaviside electrodynamics and the Master Field Equation
DF = ], this physical reality follows directly from first principles.

The local volume density of electromagnetic field energy is defined by = ¢E*+ 3 uH>.
This energy density resides in the spatial volume occupied by the electric vector field
E and magnetic vector field H, which is the insulating dielectric medium surrounding
or separating the conductors. Inside ideal metallic conductors with high electrical
conductivity o, the internal electric field is constrained by Ohm’s law to E;, = J /o —
0. Consequently, the longitudinal Poynting power vector inside the conductor lattice
Sint = Eine x H vanishes, carrying only the small inward radial component necessary
to supply local surface skin-effect ohmic heat losses.

The metallic conductors perform a crucial structural function: they provide physical
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boundary surfaces supporting surface charge density 5, = n - D and surface current
density K, = n x H. These surface sources enforce boundary conditions that confine,
shape, and guide the dielectric wave packet along the length of the transmission struc-
ture without significant radiation leakage.

Poynting Power Integration Across Transmission Geometries

1. Coaxial Cable Geometry (Inner Radius 2, Outer Radius 4): In the dielectric

region a < r < b, the radial electric field is E, = WVb/a) and the azimuthal

magnetic field is H¢ = 2—7[” The axial Poynting vector in the dielectric is:

Vi
S =54, = 27 In(b/a)r?

Integrating S, over the cross-sectional dielectric area §:

b 144 vi  tadr
P ‘fa 222 ) T Wi f =

This proves that 100% of the transmitted power travels through the dielectric
volume.

2. Parallel Two-Wire Line Geometry (Conductor Radius 7, Center Separation
D): Bipolar coordinate integration of the electric vector field E and magnetic
vector field Hacross the infinite transverse dielectric plane yields the exact total
power integral P = [[,, S,d4 = V1.

3. Parallel Plate Wave Channel (Width w, Plate Separation d): Uniform fields

in the dielectric gap £, = 3, H, = L yield uniform power density S, = 22

4
d’ wd*

Integrating over cross-sectional area 4 = wd gives P = S (wd) = V1.

4. Rectangular Hollow Waveguide (Width 4, Height 4): In a hollow metal
waveguide operating in the dominant TE;, mode, no inner conductor exists.
Fields £, = I, sin (%) cos(wt—fz) and H, = _% sin (Z) cos(wt — z) propagate
entirely inside the dielectric gas volume.

Telegrapher’s Wave Equations and Distributed Parameters

Let a transmission line have distributed resistance R’ (Q/m), inductance L' (H/m),
conductance G’ (S/m), and capacitance C' (F/m). The coupled wave equations de-



rived from the Master Field Equation are:

/) S S 4
a—zz—R[—LE, &——GV—CE

The complex bivector propagation constant is y = /(R' + IwL')(G' +IoC’) = 2 + 15,
where 2 is the attenuation constant (nepers/m) and 8 is the phase constant (rad/m).
The characteristic impedance is:

L, [Relel

"NV G + 1wC
Under the Heaviside distortionless condition ﬁ—: = %, the attenuation becomes
frequency-independent « = VR'G’ and phase velocity is constant v, = =

. . « . . L!Cl ’
eliminating dispersion.

High-Voltage Power Grids, Telephone, Cable TV, and High-Speed
Internet Transmission

High-Voltage Power Transmission Grids

Bulk electrical power transmission across long continental distances utilizes 3-phase
Alternating Current (AC) networks operating at voltages exceeding 500 kV, or High-

Voltage Direct Current (HVDC) lines exceeding 800 kV. Transmitting power P at
P
\/§VLL cos¢

high line-to-line voltage 7;; minimizes line current I = , exponentially reduc-

ing conductor ohmic heat losses P}, = 3/°R'/.

3-phase AC systems operate in Wye (Y) or Delta (A) configurations, with real power
P = 3V, I cos ¢, reactive power Q = V3V;, I sin ¢, and apparent power S = V3V, 1.
HVDC links employ Line-Commutated Converters (LCC) or Voltage-Source Con-
verters (VSC) with IGBT switches to bypass reactive line impedance drops, allowing
asynchronous power interconnects across regional power grids. Corona discharge
loss is suppressed by conductor bundling (grouping 2 to 4 conductors per phase) to
reduce the surface electric field gradient below air dielectric breakdown (30 kV/em).
Lines operate near Surge Impedance Loading (SIL = '*/Z,) to balance inductive and
capacitive reactive power.
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Telephone, Cable TV, and High-Speed Data Lines

High-frequency information transmission channels rely on controlled characteristic
impedance Z, to prevent reflections and signal dispersion:

« Twisted-Pair Ethernet (Cat 5e/6/6A/7/8): Uses balanced differential
signaling over twisted copper pairs with controlled pitch ratios to maximize
Common-Mode Rejection Ratio (CMRR) and minimize cross-talk.

« Coaxial Cable Optimization (50-ohm vs 75-ohm): In coaxial transmission
lines with dielectric relative permittivity ¢,, characteristic impedance is Z, =
j—g In (é) Mathematical optimization proves two distinct peaks:

1. Maximum Power Handling Peak: Occurs at radius ratio 6/a ~ 1.65,
corresponding to Z; ~ 30 Q for air and Z, ~ 50 Q for polyethylene (¢, =
2.25), standard in RF transmitter feedlines.

2. Minimum Signal Attenuation Peak: Occurs at radius ratio b/a =~ 3.59,
corresponding to Z, ~ 77 Q for air and Z, = 75 Q for polyethylene, stan-
dard in Cable TV (CATYV) and long-distance broadband distribution.

« Fiber Optic Optical Waveguides: Ultra-high-bandwidth optical transmission
relies on total internal reflection inside single-mode glass fiber cores (e.g., SMF-
28 with core diameter 8.2 um, cladding diameter 125 xm). Governed by single-
mode condition V7 = 2Z2,/n? — n2 < 2.405, optical fibers achieve attenuation
below 0.18 dB/km at 1550 nm, supporting Dense Wavelength Division Mul-
tiplexing (DWDM) carrying multi-terabit/s data streams across transoceanic

undersea cables.

Electrodynamic Generators and AC/DC Electric Motors

Electric machines convert mechanical kinetic energy into electrodynamic field energy
(generators) or field energy into mechanical torque (motors) via magnetic flux cutting
€ = —Z—? and Lorentz field forces F = ¢(E + v x B).

Electrodynamic Generators

In a 3-phase AC synchronous generator (alternator), a mechanical prime mover
rotates a DC-excited rotor magnetic field inside a stationary stator containing
polyphase armature windings. The induced RMS phase electromotive force is
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E, = 444fN,®K,,. Armature reaction flux interacts with rotor field flux to establish
terminal voltage regulation.

Three Classic Motor Families

1. Induction Motors (Asynchronous Motors): Polyphase AC currents in stator
120f
72
(rpm). This field cuts conductive rotor bars in a squirrel-cage rotor, inducing

windings generate a revolving magnetic field of synchronous speed », =

rotor currents and electrodynamic torque. The speed difference defines the slip

s = 2" 'The mechanical torque output derived from the equivalent circuit is:
2 (R,
»  R(%)
7; =5 2
2w, R, "2
(R1 + T) + (X +X)
Maximum (breakdown) torque 7',,,,, occurs atslip s, = —2% __ Variable

RI+(X,+X;)?
Frequency Drives (VFDs) adjust stator frequency f and voltage /] proportion-
ally (constant V/f control) to regulate speed efficiently.

2. Synchronous Motors: The rotor contains DC-excited field coils or permanent
magnets that lock in exact phase synchrony with the stator rotating field (», =
n,), operating at zero slip. Operating at over-excited field current causes the
synchronous motor to draw leading reactive power, acting as a synchronous
condenser for power factor correction.

3. Brushed DC Motors: A stationary stator field surrounds a rotating armature.
A mechanical commutator and carbon brushes physically reverse armature
coil currents every half-revolution to maintain unidirectional electrodynamic

torque 7, = K;®1,. Speed is controlled via armature voltage: w,, = %.

Brushless DC (BLDC) Motors: Electronic Commutation, Perma-

nent Magnets, and Inverter Driving
Physical Construction and Operating Principle

A Brushless DC (BLDC) Motor inverts the roles of traditional DC motor com-
ponents: high-coercivity permanent magnets (such as Neodymium-Iron-Boron
NdFeB) are mounted on the rotating rotor, while multi-phase copper windings are
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placed on the stationary stator. This eliminates mechanical commutators, carbon
brushes, spark erosion, friction, and maintenance.

Electronic Commutation and Inverter Driving

Instead of mechanical brushes, BLDC motors use a solid-state 3-phase H-bridge in-
verter consisting of six power MOSFET's or IGBTSs. Rotor position is sensed syn-
chronously using embedded Hall-effect sensors or back-EMF zero-crossing detection.
The inverter controller switches stator phase currents electronically in trapezoidal (6-
step) or sinusoidal sequence, maintaining an optimal 90" angle between stator mag-
netic flux and rotor magnet poles for maximum torque generation, achieving efficien-
cies exceeding 90%.

Field-Oriented Control (FOC) and Space Vector Modulation

For Permanent Magnet Synchronous Motors (PMSM) with sinusoidal back-EMF,
Field-Oriented Control (FOC) transforms 3-phase stationary stator currents
(2, 7, 2.) into a rotating orthogonal direct-quadrature (d — g) coordinate frame locked
to the rotor magnet angle 4.:

« Clarke Transformation (3-Phase to 2-Axis Stationary « — j3):

;
i 1 -1/2 -1/2

a

2 0 V3/2 —/3/2

« Park Transformation (Stationary « — 8 to Rotating d — ¢):

i cosf. siné. ||z,

i —sing, cosf.| \7
The quadrature current 7, controls electromagnetic torque 7; = 3 PAnt, inde-
pendently, while direct current z; controls rotor flux. Setting 7, = 0 maximizes
torque efficiency, while applying negative d-axis current (z; < 0) enables flux
weakening for high-speed operation. Space Vector Pulse-Width Modulation



48

(SVPWM) maximizes DC bus voltage utilization by 15.47% compared to stan-
dard sinusoidal PW M.

Formal Postulates and Theorems of Transmission Theory and Elec-

trical Machines

Example 7. Theorem: Dielectric Wave Power Transport and Conductor Guidance
Theorem

In any two-conductor transmission line, total electromagnetic power P = |,  S-dAis
transported entirely through the dielectric insulating medium surrounding the con-
ductors. The inner and outer metal conductors carry zero power inside their metallic
lattice, acting strictly as boundary constraints that drive and guide the dielectric wave

fields.

Proof:
1. Field Integration: Ina coaxial transmission line carrying voltage I and current
I, the radial electric field is E, = W and the azimuthal magnetic field is

Hst = 2—71” in the dielectric region @ < » < b.
2. Poynting Vector Evaluation: The Poynting power flux density vector in the

dielectricisS =ExH = Engsi = 27f1nzj/a)r2z‘

A

3. Power Integration: Integrating S over the cross-sectional dielectric area -

b 144 vi  (bdr 184 b
P:fa 2w In(b/a)2 ) = ln(b/pz)_f; 7 T In(/a) 1“(;) =vi

Inside ideal conductors, E = 0 — S = 0. Thus 100% of the electromagnetic
power propagates in the dielectric, proving the theorem. [

Example 8. Theorem: Heaviside Distortionless Transmission Line Condition Theo-

rem

A lossy transmission line with distributed parameters R,[',G C preserves signal
wave shapes without phase velocity dispersion if and only if R = %

Proof:

The propagation constant is y = /(R +IwL')(G' +1wC’). Factoring yields
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7 = JLC'(R|L +1w)(G'[C +1w). Setting & = & = 4 gives y = V['C'(ay + 10) =
VR'G' + IwyL'C'. Thus @ = VR'G' is independent of frequency, and phase velocity

_w _ 1 . . . . . .
v5 ==l strictly constant across all harmonic modes, eliminating dispersion.

Example 9. Theorem: Maximum Electrodynamic Torque in Electronically Commu-
tated BLDC Motors

In a polyphase Brushless DC motor driven by a 3-phase inverter, electronic phase
switching aligned with rotor position produces constant electromagnetic torque 7, =
K.I, without torque ripple.

Proof:

Stator magnetic flux vector ®, and rotor permanent magnet flux vector ®, produce
electrodynamic torque T, = @, x ®, = |®,||®|sindz. Electronic commutation via
Hall-effect feedback maintains phase angle & = 90° (sind = 1) dynamically at each
step, maximizing torque per ampere 7, = K,7,. []

Completely Worked Technical Examples
Example 1: Poynting Power Transport in RG-213 Coaxial Transmission Line

Problem Statement: An RG-213 coaxial cable has inner conductor radius
a = 1.15 mm, outer conductor inner radius 4 = 3.60 mm, and polyethylene dielectric
(¢, = 2.25). The line drives a 50-ohm antenna with RMS voltage ' = 100V and
current / = 2.0 A. Calculate dielectric characteristic impedance Z, phase velocity
Uy Poynting power density at the inner conductor surface » = 4, and total dielectric
power.

Solution:

1. Characteristic Impedance Z;: Z, = j—g In (é) = 551n(3%2) = 401n(3.1304) =
40(1.1411) ~ 45.64 Q.

2. Phase Velocity v,: v, = == = % = 2.0 x 10* m/s (66.7% of wave speed c).

V225
. . o _ Vi _ (100)(2.0) _
3. Poynting Power Density at r = a: $(a) = ;755 = Zammaisaese =

200 - 7 2
7.170x106(1.3225x10¢) ~ 2.11x 10" W/m™.
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4. Total Power in Dielectric: P = VI = (100 V)(2.0 A) = 200 W. Power inside
inner copper conductor is zero.

Example 2: Field-Oriented Control (FOC) Current Transformations fora PMSM
Drive Motor

Problem Statement: A 3-phase Permanent Magnet Synchronous Motor (PMSM)
drive operates at rotor angle §. = 30%rc (cos 30°7rc = 0.866, sin30%7¢c = 0.500). The
measured 3-phase stator currents are z, = 10.0 A, 7, = -5.0 A, 2 = —5.0 A. Calculate

the stationary two-axis currents (z,, ig) via Clarke transformation, and the rotating

;
o
direct-quadrature currents (z;,7,) via Park transformation.
Solution:

1. Clarke Transformation:

i,=1,=100 A
i = ‘/75(@ _i) = 1'7%(—5.0 —(=5.0)) = 0.0 A

2. Park Transformation:
iy = 1,co8 6. + g sin g, = (10.0)(0.866) + (0.0)(0.500) = 8.66 A

i, = ~i,sin g, + i; cos §, = —(10.0)(0.500) + (0.0)(0.866) = ~5.00 A

3. Physical Interpretation: The direct current component 7; = 8.66 A produces
magnetic flux along the rotor pole axis, while the quadrature current compo-
nent i, = —5.00 A produces orthogonal electrodynamic torque.
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Theory of Impulse Responses and Transfer Functions:
m-Resolution Analog and Digital System Dynamics

This chapter formulates the linear theory of physical systems, impulse responses, dit-
ference convolution operators, and transfer functions across m-resolution (analog)
physical grids and digital sampled grids without continuum infinities or point-mass
idealizations.

m-Resolution Analog and Digital System Paradigms

In 19th and 20th-century engineering, linear system theory was divided into two dis-
parate domains: “analog” signals defined over an uncountably infinite time contin-
uum R, and “digital” signals defined over discrete sequence indices Z. This division cre-
ated false mathematical dichotomies, requiring separate integration theory for analog
differential equations and summation theory for digital difference equations.

In the Iris Number System, all physical systems—whether electrical circuits, mechan-
ical acoustic wave guides, or digital microprocessor algorithms—operate over discrete
spatial-temporal resolution grids €y = {»d | » € {0,1,...,N — 1}}. An m-resolution
(analog) signal is simply a physical field distribution evaluated at fine grid steps J,
while a digital signal is an aperture-sampled sequence over coarse grid steps. Because
both reside on finite resolution grids, a single, unified mathematical framework gov-
erns all linear system dynamics.

A physical system & maps an input grid signal x[z] to an output grid signal y[z]. The
system is defined as linear if it obeys the principle of superposition:

S {ﬂxl (7] + bx, [n]} = a8 {xl [n]} + b8 {xz [n]}

The system is defined as shift-invariant (time-invariant) if a temporal grid shift by m
step units produces an identical shift in the output:

S{x[n—m]} = y[n —m]
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Shift-Invariant Systems, Difference Convolution, and Bivector

Transfer Functions

A Linear Shift-Invariant (LSI) system is completely and uniquely characterized by
its response to a unit aperture impulse Jy[%], where 9,[0] = 1/ and J,[»] = 0 for » = 0.
This characteristic response is the unit impulse response h[z] = §{3,[n]}.

Any arbitrary input signal x[z] on grid €, can be expressed as a linear superposition
of scaled, shifted unit impulses:

N-1

x[n] = > x[m]aln—m]d

m=0

Applying the system operator § and invoking linearity and shift-invariance yields the
fundamental output relation—the discrete difference convolution:

N-1

ylnl = 8{xlnl} = > xlmlbln —m]d = (xx b)[2]

m=0

To analyze system dynamics without evaluating multi-step summation loops, we
apply the real bivector Z-transform to the convolution sum. The real bivector
Z-transform maps grid sequences x[z] into the real geometric phase plane via the
complex-free rotor kernel 2™ = ™" (cos(nf) — Isin(nd)):

N-1

X(2) = > x[n]z™d

n=0

Transforming both sides of the difference convolution equation converts spatial-
temporal grid convolution into direct algebraic multiplication in real bivector phase
space:

Y(z) = H(2)X(2)

N-1
n=0

where H(z) = >

h[n]z™"9 is the real bivector transfer function of the system.

For physical causal systems governed by linear constant-coefficient difference equa-
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tions:
N, N,
Z apyln— k] = Z b,,x[n —m]
k=0 m=0

taking the Z-transform yields the rational bivector transfer function:

A — N oo
H(Z) _ Y(Z) _ Zm:() bmz =KHZ‘=1(Z z)

X(@) g gk [T -p))

where z; are the system zeros (frequencies at which output is choked to zero) and p;
are the system poles (natural resonance modes of the physical lattice).

Bilinear Resolution Mapping and System Stability

To convert discrete m-resolution difference operators into traditional system formu-
lations without appealing to continuous limits, we employ the bilinear resolution

transformation.

Consider the fundamental discrete step operator A{"[tn] =2 [”]_g[n_l] . In the Z-domain,

-1
the backward difference corresponds to the operator 1‘; . To match symmetric

trapezoidal grid integration over step 9, the continuous-like s-plane variable s = o +Iw

19

is mapped to the discrete Z-plane variable z = r¢'* via:

_21—z_1 _2z—l
S 01+z1 dz+1

k)

Inverting this mapping yields the exact resolution coordinate transformation:

Setting s = IQ (pure sinusoidal excitation) maps the imaginary frequency axis di-
rectly onto the unit bivector circle |z| = 1, establishing an exact non-linear frequency

warping relation:

2 (2
a)—aan 2
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Physical system stability requires that any bounded input signal x[z] produces a
bounded output signal y[z] (Bounded-Input Bounded-Output stability, or BIBO
stability). For an LSI system, BIBO stability is equivalent to the absolute summability
of its impulse response:

In terms of transfer function poles p, € C/(2,0), the impulse response decays expo-
nentially if and only if every system pole lies strictly inside the unit bivector circle on
discrete resolution grid Gy:

2,1 = [Se(p)? + Biv(p,)? <1 Vje{l,2,..,N}

If any pole lies outside the unit circle (| 2l > 1), the system output grows exponen-
tially without bound, causing runaway physical resonance or amplifier saturation.

Formal Postulates and Theorems of System Dynamics

Example 10. Theorem: m-Resolution Difference Convolution and Spectral Multipli-
cation Equivalence Theorem

Let x[#] and h[x] be finite signal sequences defined on the discrete resolution grid €,;.
The real bivector Z-transform of their difference convolution y[z] = (x x b)[r] is iden-
tically equal to the algebraic product of their individual real bivector Z-transforms:

Y(z) = H(2) X(2)

Proof:
1. Convolution Substitution: Express the Z-transform of y[x] = Zi:;; x[m)bh[n-
m)d directly:
N-1 (N-1
Y(z)= > (Z x[m)b[n - m]s) Fa)
n=0 \m=0

2. Interchange of Summation Order: Because all grid sums contain a finite
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number of physical terms on grid €y, interchanging the order of summation
is strictly valid without convergence subtleties:

N-1 N-1
Y(z) = me]S(Z/on—m]z ”5)
m=0 n=0

3. Grid Shift Variable Substitution: Let £ = n — m. As n ranges over the grid, &
ranges over the shifted grid aperture. Re-writing the inner summation in terms

of k:

> blkla s = 27 (Z b[k]z‘ks) =2"H(z)
k

k

4. Factorization: Substituting this result back into the outer sum yields:

N-1 N-1
)= > x[mldz"H(z (z x[m]z—ms) H(z) = X(2)H(z)

m=0

By commutativity of real scalar and bivector multiplication in C/(2,0), Y (z) =
H(z)X (z), proving the theorem. []

Example 11. Theorem: Discrete Bivector System Stability and Bounded-Input
Bounded-Output Invariance Theorem

A causal linear shift-invariant system with real bivector transfer function H(z) = f{g))

is Bounded-Input Bounded-Output (BIBO) stable on discrete grid € if and only if
all roots p; of the characteristic polynomial 4(z) = 0 satisty |p;| < 1.

Proof:

1. Partial Fraction Decomposition: Expand the rational transfer function H(z)
into partial fractions over its distinct bivector poles p;:

&

H(z) =

~.
I
—

2. Inverse Z-Transform: Taking the inverse Z-transform yields the system im-
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pulse response:
N,
= > 7(p;)"uln]
=
3. Absolute Summability Bound: Compute the sum of absolute values of h[x]:

o N, o
MEOIEDN DN
7n=0 j:1 7n=0

The geometric series Z o 12;|" converges to the finite value -~
| pj| <1
4. Output Bound Evaluation: For any bounded input |x[x]| < M, < o, the out-

= |])| ifand only if

put magnitude is bounded by:

x[n — m]b[m]o <M92|b[m | < oo

|ly[n]]

N-1
m

=0

Thus, |p;| < 1is both necessary and sufficient for BIBO stability on discrete
grid Gy. U

Completely Worked Textbook Examples
Example 1: Digital Bivector Transfer Function and Discrete Resonance Analysis

Problem Statement: A second-order digital filter operating at sampling step & = 1 ms
is governed by the difference equation:

y[n] = 1.2728y[n — 1] + 0.81y[n — 2] = x[#]

1. Determine the system transfer function H(z) and calculate its complex-free
bivector poles p,, p,.

2. Calculate the pole magnitude |p, |, the resonant frequency £, and verify system
BIBO stability.

3. Compute the unit impulse response b[z] for the first 4 grid steps (» = 0, 1,2,3).
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Solution:

1. Transfer Function Formulation: Taking the real bivector Z-transform of the
difference equation:

Y(z) (1-1.272827" +0.81z7%) = X(2)

CY(2) 1 Z

CX(z) 1-1272821+0.81z72 22 -12728z+0.81

H(z)

2. Pole Calculation and Stability Verification: Solve the characteristic equation
7" — 127282+ 0.81 = 0

s = 1.2728 +/(1.2728)2 — 4(1)(0.81)  1.2728 +1.6200 — 3.2400 _ 1.2728 + v~1.6200
12 = P - 2 B 2

Using the real unit bivector I (with I* = -1):

1.2728

P12 = 06364 £ 1=

= 0.6364 + 10.6364

« Pole Magnitude: |p;| = (0.6364)% + (0.6364)> = /0.4050 + 0.4050 =
v0.8100 = 0.9000.

« Because |p;| = 0.9000 < 1.0, both poles lie strictly inside the unit bivector
circle, proving that the digital filter is strictly BIBO stable.

« Resonant Angle: §, = arctan (32%) = arctan(1.0) = Z rad = 45".
« Resonant Frequency: f; = 2% = 27{(76(301) = 8(0.})01) =125 Hz.

3. Impulse Response Calculation: Evaluating y[z] recursively for input x[z] =
[1,0,0,0,..]:

« n.=0: h[0] = x[0] = 1.0000
e n=1:h[1] = 1.27285[0] — 0.81h[-1] + x[1] = 1.2728(1.0) — 0 + 0 = 1.2728

« n=2:h[2] = 1.27285h[1]-0.815[0] +x[2] = 1.2728(1.2728) —0.81(1.0) +0 =
1.6200 — 0.8100 = 0.8100

e n=3:h[3] = 1.2728h[2] —0.815[1] +x[3] = 1.2728(0.8100) —0.81(1.2728) +
0 = 1.0310 — 1.0310 = 0.0000
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Example 2: Bilinear Resolution Transformation of an Analog Low-Pass RC Filter

Problem Statement: An analoglow-pass RC filter has cutoff frequency £, = 1000 Hz,
corresponding to time constant 7 = RC = ﬁ ~ 1.5915 x 10~* 5. 'The continuous-like
differential transfer function is H(5) = ;—zz. Transform this filter onto a discrete res-
olution grid with step & = 0.2 ms (5000 Hz sampling rate) using the bilinear resolution
transformation, and determine the discrete difference equation coefficients.

Solution:

1;? into H(s):

1. Bilinear Substitution: Substitute s = %1

1 1+z7t
H = =
(2) 1+ (ZRC) I (1+z7)+K(1-271)

_2RC _ 2(15915x107%) _ 3.1830x107¢ _
where K = == = =555 = o= = 1.5915.

2. Algebraic Simplification: Expanding denominator terms:

1+27! 1+27! 1+27!
H(z) = z _ z z

(1+K)+(1-K)z ' (1+1.5915) + (1 - 1.5915)2 1 2.5915 — 0.59155"!

Normalizing by dividing numerator and denominator by 2.5915:

0.3859 + 0.3859z 71
H =
(2) 1- 02282z

Y(z) _ 0.3859+0.3859z°",

X(z) 1-0.2282z1

3. Discrete Difference Equation Extraction: From H(z) =
Y(2) (1-0.228227") = X(2) (0.3859 + 0.3859z7")

Inverting to the spatial-temporal grid yields the exact discrete filter execution
loop:

y[n] = 0.2282y[n — 1] + 0.3859x[x] + 0.3859x[n — 1]

This discrete m-resolution algorithm replicates the analog low-pass RC
response with exact stability and zero drift on discrete grid €.
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Theory of Electron Tubes and Thermionic Valves: Field
Physics, Grid Control, and Specialized Cathode-Ray De-

vices

This chapter develops the physical theory of thermionic emission, space charge dy-
namics, grid voltage modulation, and multi-electrode electron tubes (valves) within
the m-resolution framework of the Master Field Equation. In addition to fundamen-
tal diodes, triodes, tetrodes, and pentodes, detailed analyses are given for specialized
devices including beam power tubes, heptodes/hexodes, klystrons, magnetrons, and
diverse cathode-ray tubes (electrostatic and electromagnetic display CRTSs, storage
tubes, traveling-wave oscilloscopes, and image orthicons/vidicons).

Thermionic Emission, Child-Langmuir Space Charge Law, and m-
Resolution Field Dynamics

In vacuum electronic devices, electron charge transport is initiated by heating a
conductive metallic or oxide-coated surface inside an evacuated envelope. Thermal
kinetic energy transfers into electron wave packets on the discrete crystal lattice grid
%y, enabling energetic carriers to overcome the metal work function barrier ®. Un-
der Jaynes Maximum Entropy (MaxEnt) state partitioning subject to lattice energy
bounds, the emission current density J is governed by the Richardson-Dushman
thermionic equation:

J = AT

2
(3 k]}
3

where 4™ = /% ~ 1204 A/ (cmzKZ) is Richardson’s constant, T is absolute tem-

perature in kelvins, k5 is Boltzmann’s constant, and @ is the metal work function.

Space-Charge Cloud Formation and the Child-Langmuir Law

When emitted electrons leave the cathode surface, they accumulate in the vacuum
gap, forming a negative space-charge cloud. This cloud creates alocalized electrostatic
potential well that repels subsequently emitted electrons back toward the cathode.
The space-charge field is governed by the Master Field Equation DF = J on the multi-
scale grid €. In one spatial dimension x between cathode (x = 0) and anode (x = d),
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Poisson’s potential equation yields:

v __p)

==
dx &

where p(x) is the space-charge density.  Conservation of current requires
J = —p(x)v(x), where velocity v(x) is determined by energy conversion on G:

o) IZqzm

Substituting p(x) = —ﬁ into Poisson’s equation yields the non-linear differential
equation:
v ] m,

dx* g\ 2V (x)

Multiplying both sides by 2% and integrating from the cathode (where IV = 0 and
v _

7= = 0 under space-charge limiting conditions) yields:

2 1/2 1/4
(-5 = -l
0

dx PN 2q

o

Integrating across the vacuum gap from x = 0 to x = d with anode potential V' (d) = 7},

/2 1/4
4o (L) (7
=2 () (%)

Squaring both sides and isolating current density / establishes the fundamental
Child-Langmuir 3/2-Power Space-Charge Law:

gives:

3/2
2q7,

4
I =550\
On the discrete lattice grid €, the spatial resolution dx bounds the potential gradient
near the cathode surface, eliminating non-physical continuum infinities while main-

taining exact field flux conservation.
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Multi-Electrode Valves: Diodes, Triodes, Tetrodes, Pentodes, Beam
Power Tubes, and Multigrid Mixers

Thermionic Vacuum Diodes and Rectifiers

A vacuum diode contains two electrodes inside an evacuated envelope: an electron-
emitting thermionic cathode (directly or indirectly heated) and an electron-collecting
metallic anode (plate). When the plate is held at a positive potential relative to the
cathode (7}, > 0), space-charge limited current flows across the vacuum gap following
the Child-Langmuir relation Z, = kVPS/ >, When reverse-biased (¥, < 0), thermionic
emission from the unheated anode is zero, producing unilateral rectification.

Vacuum Triodes and Electrostatic Grid Control

In 1906, Lee de Forest introduced a wire mesh control grid between the cathode and
anode, creating the triode. Located close to the cathode, the control grid exerts elec-
trodynamically dominant control over the cathode surface electric field. The total
effective controlling potential V¢ at the virtual cathode is a linear combination of
grid voltage I; and plate voltage V}:
"
Vesr = Vo + %
where u is the dimensionless amplification factor, representing the electrostatic

shielding efficiency of the grid mesh. Small variations in grid voltage produce large
changes in plate current:

The small-signal behavior of the vacuum triode is characterized by three fundamental
parameters:

1. Mutual Transconductance g,: g, = :%
o

. . L _ W
2. Dynamic Plate Resistance 7,: 7, = PA

Ve

3. Amplification Factor u: y = —3% = Zuly
I



62

Tetrodes and the Secondary Emission Dynatron Kink

To overcome high grid-to-plate capacitance (C,, ~ 2-5 pF) that causes parasitic high-
frequency Miller oscillations, a second wire mesh—the screen grid—is placed be-
tween the control grid and the plate. Biased at a constant positive DC potential, the
screen grid electrostatically shields the control grid, reducing Cgp by two orders of
magnitude (to < 0.01 pF).

However, when primary electrons strike the anode at high kinetic energy, they dis-
lodge secondary electrons from the plate metal lattice. When plate voltage drops be-
low screen voltage (7, < V), these secondary electrons are attracted to the screen
grid instead of returning to the plate. This produces the tetrode dynatron kink—a
region of negative differential resistance (j—;’; < 0) that causes severe distortion in
power amplifiers.

Pentodes and Suppressor Grid Suppression

The pentode eliminates secondary emission distortion by inserting a third wire
mesh—the suppressor grid—between the screen grid and the plate. Connected
internally or externally to the cathode (V; = 0V), the suppressor grid creates a
negative electrostatic potential barrier near the plate. Primary electrons arriving
with high kinetic energy easily pass through the suppressor mesh to reach the anode,
but slow secondary electrons knocked off the anode face an repulsive potential
gradient that forces them back into the plate.

Beam Power Tubes and Virtual Cathode Formation

In beam power tubes, aligned control and screen grid wires direct primary electrons
into concentrated, high-density electron sheets. Concentrated space-charge density
between the screen grid and anode depresses the spatial potential distribution,
forming a virtual cathode potential minimum without physical suppressor grid
wires. Beam power tubes deliver high power output, high power efficiency, and
exceptionally low screen current loss.

Multigrid Mixers: Heptodes and Octodes

Specialized vacuum valves featuring five or six grids allow independent control of
electron streams by multiple signal sources. In a heptode or pentagrid converter,
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Grid 1 and Grid 2 operate as a local oscillator, while Grid 4 receives an input RF
signal. Dual grid modulation multiplies electron velocity states on %y, producing
sum and difference intermediate frequencies (IF) through non-linear current mixing:

Ip < vpg(2) oo (2).

Cathode-Ray Tubes and Specialized Vacuum Devices: Electrostatic,
Electromagnetic, Storage, and Image Tubes

Cathode-Ray Tubes (CRTSs) transform electronic signals into two-dimensional vi-
sual displays by forming, accelerating, focusing, and deflecting electron wave beams
inside an evacuated glass funnel target.

Deflection Physics under Clifford Field Forces

Electrons emitted from an electron gun assembly pass through orthogonal deflection
fields governed by the Master Field Equation DF = J.

1. Electrostatic Deflection: An axial beam with axial velocity », = an—V” enters

parallel deflection plates of length L and separation d bearing potential differ-

. v, . .
ence /. 'The transverse electric field E, = 7% imparts constant acceleration

Z . oy . .
a, = 24 during transit time # = £. The net angular deflection 4 is:

tan<9=v—y=dyL= Pl _ LV
2 md(%) 2dV;

v %
x ? e m,

The linear displacement ¥ on a screen located at distance D is strictly propor-

tional to deflection voltage: Y = Dtan § = %V;.

2. Electromagnetic Deflection: Passing the electron beam through a transverse
magnetic field bivector B, generated by external deflection yokes produces a cir-

mt’ vx

9B,

cular trajectory of radius R =

length L:

. For small deflection angles across magnetic

qLB, qLB, q

. L
51n€~§— = = LB

MUy ,¢2qm€VA ¢ zme@

Electromagnetic deflection achieves wide deflection angles (up to 110°) without

high voltage arcing, making it ideal for television and radar displays.
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Storage Tubes, Vidicons, and Photomultipliers

« Storage Oscilloscope Tubes: Secondary emission charge storage on dielectric
storage meshes preserves transient wave traces for extended observation with-
out continuous electronic refresh.

« Vidicon Camera Tubes: Incident optical images focus onto a photoconductive
target (e.g, antimony trisulfide Sb,S;). Incident optical wave packets generate
electron-hole pairs that reduce local target resistivity, converting optical light
patterns into a stored spatial charge pattern read out by a scanning electron
beam.

« Photomultiplier Tubes (PMTs): Incident light strikes a photoemissive photo-
cathode, releasing primary photoelectrons. Accelerated photoelectrons impact
a cascade of dynode electrodes (typically 9 to 14 stages). Secondary emission
multiplication at each dynode stage produces total current gain:

M =N

where & ~ 3-6 is the secondary emission ratio per dynode and NN is the stage
count, yielding gains exceeding 10° for ultra-low-level discrete optical wave-
packet detection.

Electron Tube Fabrication, Thermal Outgassing, and the Physics of
the Barium Getter Mirror

High-performance vacuum valve operation requires maintaining ultra-high vacuum
conditions (residual pressure P < 107" Torr) inside glass or ceramic envelopes across
thousands of operating hours.

Thermal Processing and Vacuum Outgassing

During manufacturing assembly, internal metallic elements (anodes, grids, support
rods) adsorb surface atmospheric gases (O,,N,,H,0, CO, CO,). After sealing the
envelope onto a mechanical turbomolecular exhaust pump, the valve is subjected to
high-frequency RF induction baking at 900-1100 °C. Thermal energy desorbs inter-
nal gas molecules from metal crystal lattices prior to final tip-off sealing.
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Physics of the Barium Getter Mirror

Even after mechanical seal-off, residual gas molecules desorb slowly from glass sur-
faces during cathode operation. To maintain permanent ultra-high vacuum, a bar-
ium getter assembly—consisting of a metallic ring filled with a stable barium alloy
(such as BaAl, combined with nickel)—is flashed via high-frequency induction heat-

ing.

Flashing vaporizes pure metallic barium, which condenses on the cool inner glass en-
velope wall to form a bright, mirror-like barium getter mirror. Metallic barium is
an ultra-reactive chemical scavenger that binds residual gas molecules through irre-
versible surface reactions:

1. Oxygen Scavenging: 2Ba + O, — 2BaO

2. Nitrogen Scavenging: 3Ba + N, — Ba;N,

3. Carbon Dioxide Scavenging: 5Ba + 2CO, — 4BaO + BaC,
4. Water Vapor Scavenging: Ba + H,O — BaO + H,

This continuous chemical absorption guarantees that electron mean free paths far
exceed the internal tube dimensions, preserving space-charge dynamics without ion
bombardment damage.

Formal Postulates and Theorems of Vacuum Tube Field Dynamics
Example 12. Postulate: Vacuum Space-Charge Field Transport

Inside an evacuated envelope on the discrete lattice grid €, thermionic electron trans-
port is governed by non-singular multivector field dynamics DF = ], where space-
charge field density p and velocity v are bounded by discrete resolution limits dx and
dt.

Example 13. Theorem: Derivation of the Child-Langmuir Space-Charge Law

In a planar vacuum diode with inter-electrode spacing 4 and applied anode potential
V5, space-charge limited current density / satisfies:

3/2
2q9 7,

4
I= 50w,
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1. Poisson-Ampeére Equation: One-dimensional Poisson field relation on €

d V Plx)
gwes =

2. Current and Energy Conservation: Current conservation / = —p(x)v(x) and

energy conservation lm v(x)2 = qV(x).

_J

3. Differential Equatxon qu( T

4. First Integration: Multiplying by 2— ylelds ‘/7 iz,

5. Second Integration: Integrating from x = 0 to x = 4 with boundary conditions

V(0) = 0 and V(d) = j gives 4121* =2 (L) ()"

3/2
6. Final Result: Squaring and isolating J yields / = #¢, %1?1_2‘ 0

Completely Worked Technical Examples

Example 1: Vacuum Diode Space-Charge Current and Anode Dissipation

Problem Statement: A planar vacuum diode has a cathode area 4 = 2.5 cm? and

an anode-cathode separation d = 2.0 mm. Calculate the space-charge limited anode

current J, and total anode thermal power dissipation 2, when an anode potential /}, =

250V is applied.
Solution:

1. Child-Langmuir Current Density /:

i [ Vpa/z
] = 550 dz

. _ 2 L.G02x10- 1 1/2
Substitute ¢, = 8.854 x 10 2 F/m, \/;’i = ,/% =5931x10°C /z/kg / :

5. (250)32
(0.002)2

(8.854 x 1071%)(5.931 x 10°)

\om-\

J=

(250)%/% = 3952.84,  (0.002)% = 4.0 x 107° m?
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3952.84

1010 = 2.334x107°x9.8821x10° ~ 2306 A/m”  (0.2306 A/cm’)
0O x

J = (2.334x107°)x
2. Total Anode Current I,:

L= -A=(2306A/m’) x (25x10% m?) = 05765 A (576.5 mA)

3. Anode Thermal Dissipation Power P

Py =1 -Vp = (05765 A) x (250 V) = 1441 W

Example 2: Triode Amplification Factor, Transconductance, and Voltage Gain

Problem Statement: A triode valve operates with plate resistance 7, =85 kQ and
mutual transconductance g,, = 2.8 mA/V. The triode drives an anode load resistor

1. Calculate the amplification factor .

v,

2. Compute the small-signal voltage gain 4, = ;=.

Uin
Solution:

1. Amplification Factor u:

£=g, 7= (28x107 A/V)x (8500 Q) = 23.8

2. Voltage Gain 4,:

R
pRy _ 23.8x22000 _ 523600 _ -

A= r+R;, 8500+22000 30500

The negative sign represents a 180° phase inversion between grid input voltage
and anode output voltage.
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Theory of Solid-State Diodes and Semiconductor Recti-
fiers: Point-Contact Crystals, Junction Dynamics, and
Integrated Diode Matrices

This chapter establishes the physical, mathematical, and field-theoretic founda-
tions of solid-state rectifiers and semiconductor diodes within the m-resolution
framework of the Master Field Equation in CI(4,1,1). Beginning with point-contact
metal-semiconductor interfaces (galena crystal radios and oxidized razor-blade
foxhole detectors), the exposition deconstructs the popular misconception that
solid-state devices are 'quantum’ magic by revealing how facts known strictly from
experiment were historically mislabeled as 'fundamental quantum principles'—a
term codptation initiated by Niels Bohr and Solvay 1927 that replaced empirical law
with inexplicable mystery. The chapter establishes the first-principles physical defi-
nition of a hole as a valence band vacancy wave packet and topological charge defect,
and then rigorously derives p-n homojunction and heterojunction barrier physics,
the Shockley diode equation, Schottky barriers, breakdown dynamics, varactors,
tunnel (Esaki) negative differential resistance, PIN switches, LEDs, photodiodes,
and integrated diode matrices directly from the Master Field Equation.

Point-Contact Crystal Detectors and Makeshift Rectifiers: Galena,
Pyrite, and Foxhole Radios

Long before the formal industrial development of monocrystalline silicon and germa-
nium p-n junction diodes, practical high-frequency signal rectification was achieved
through point-contact metal-semiconductor interfaces.

Early Point-Contact Crystal Detectors

In the early era of radio communication, crystal detectors utilized a fine phosphor-
bronze or tungsten wire—popularly known as a “cat’s whisker”—lightly pressed
against the surface of a natural crystalline mineral. Prominent semiconductors
included galena (lead sulfide, PbS), iron pyrite (fool's gold, FeS,), carborundum
(silicon carbide, SiC), and chalcopyrite.

When a metal wire contacts a natural semiconductor crystal, the disparity between
the metal work function @, and the semiconductor electron affinity y, creates a lo-
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calized asymmetric electric potential barrier on the discrete lattice grid €. When
an alternating high-frequency radio-frequency (RF) signal is applied, charge carriers
easily cross the barrier in one bias direction while experiencing high impedance in the
opposite direction. This non-linear current-voltage characteristic rectifies amplitude-
modulated (AM) carrier waves, extracting the low-frequency audio envelope with-
out requiring external electrical power.

‘World War II ‘Foxhole Radios” and Makeshift Oxide Rectifiers

A remarkable demonstration of point-contact rectification occurred during World
War II, where soldier prisoners and frontline troops constructed emergency radio
receivers known as foxhole radios. Lacking access to commercial vacuum tubes or
batteries, troops constructed makeshift crystal detectors using discarded materials:
a rusty steel razor blade, a pencil lead (graphite rod) or safety pin, a hand-wound
antenna coil around a cardboard tube, and an earphone.

The rectification mechanism in a foxhole radio relies on the thin, non-uniform layer
of iron oxides (primarily magnetite, Fe;O,, and hematite, Fe,O;) formed on the heat-
treated surface of the steel razor blade. When the graphite pencil point contacts the
oxide coating, it forms a metal-semiconductor point-contact junction. The localized
work-function step between graphite and iron oxide establishes a Schottky-like rec-
tifying barrier. The non-linear current response rectifies ambient AM radio signals,
converting RF wave energy directly into acoustic vibrations in the high-impedance
earphone.

Antenna and Terrestrial Ground Counterpoise Architecture in Passive Crystal Re-

ceivers

Because passive crystal and foxhole radio receivers contain no active amplifying tran-
sistors, vacuum tubes, or external power sources, all acoustic sound output power
must be extracted directly from the intercepted radio-frequency wave field. To max-
imize intercepted signal power, crystal radios employ an elevated long-wire monopole
antenna paired with a direct connection to an earth ground.

In this asymmetric reception topology, the earth ground connection does not act
merely as a passive voltage reference; it functions as an active RF counterpoise and
supplementary antenna element. Incoming AM wave fields induce image charges
and surface displacement currents in the conductive soil. The physical ground con-
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nection completes the resonant LC circuit loop, allowing the conductive mass of the
earth to act as a secondary field-capturing reflector that drives RF current through
the cat’s whisker or razor-blade rectifying junction.

These makeshift devices demonstrated that semiconductor rectification is an intrinsic
physical property of asymmetric material boundary interfaces under electromagnetic
field excitation, requiring neither artificial vacuum tubes nor speculative 'quantum’
mechanisms.

Epistemology of Solid-State Physics: Deconstruction of the ‘Quan-

tum’ Semiconductor Fallacy, Term Cooptation, and Empirical Law

The chapter on semiconductor diodes, being the foundational entry into solid-state
electronic devices, is precisely where physical science must dismantle the persistent
epistemological fallacy that misleads the public and engineering students into believ-
ing that solid-state devices are intrinsically 'quantum’ devices.

The Giveaway of ‘Solid State’ and the Mislabeling of Empirical Facts

The very designation 'solid state’ provides the immediate giveaway: solid-state elec-
tronics concerns the physical, structural electrodynamics of charge currents and wave
packets propagating within a solid, discrete crystalline material lattice. Yet twentieth-
century mainstream literature routinely asserts that solid-state devices—such as p-n
junction diodes, transistors, and integrated circuits—are proof of 'quantum mechan-
ics' and cannot be understood through classical field principles.

In truth, the observed facts regarding semiconductors—such as discrete energy band
gaps, carrier drift mobilities, built-in contact potentials, rectifying barrier junctions,
and tunneling current dynamics—were, prior to the discovery of the Master Field
Equation DF = J, known strictly from experiment. These experimental findings
were empirical laws governing the electrodynamics of bound atomic lattices.

However, twentieth-century physics engaged in a fraudulent term codptation of
'fundamental principle’. Facts that were discovered experimentally and awaited
derivation from first principles were mislabeled as 'fundamental quantum principles’.
What was actually meant by these observed facts was empirical law.
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The Myth of the 'Quantum Model of a Transistor' and Practical Engineering Re-
ality

A ubiquitous artifact of this verbal trickery is the popular claim that solid-state
transistors—such as Junction Field-Effect Transistors (JFETSs), Bipolar Junction
Transistors (BJTs), and Metal-Oxide-Semiconductor Field-Effect Transistors
(MOSFET's)—depend upon or are designed using a 'quantum model. In popular
discourse, commentators frequently challenge skeptics by asking: “How do you
explain the quantum model of a transistor?”

The rigorous answer from electrical engineering is simple and direct: there is no such
model. Practical semiconductor devices are not designed, modeled, or analyzed using
'quantum’ models. In actual engineering practice, a transistor—such as an n-channel
JFET —is modeled strictly as a beam of charge carriers (electrons or holes) moving
through a solid semiconductor crystal lattice under the influence of classical elec-
tric and magnetic fields, governed by Poisson’s equation, carrier drift, diffusion, and
charge conservation balance equations:
on

20, _ P _ on _ 1o —
V=L L=guErgDVn 5= V546 -R,

In an n-channel JFET, for example, a reverse-biased p-n junction gate controls the
effective cross-sectional channel width through classical electrostatic depletion layer
expansion. The pinch-off voltage /}, and drain saturation current J¢¢ follow directly
from boundary electrostatic potential analysis across the physical channel width:

2

2
gNpa ( Vcs)
= . Ly=IL|1--5
P ¢ D DSS VP

Where experimental parameters appear—such as effective carrier masses, scattering
relaxation times, or energy band gaps—they were historically known strictly from
experiment. These empirical parameters were facts discovered in the laboratory and
mislabeled as 'quantum’ through term codptation, despite being nothing more than
empirical laws governing discrete crystalline lattices.
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Niels Bohr, the Solvay Conference of 1927, and Verbal Trickery

This systematic term codptation originated formally with Niels Bohr and his
so-called 'complementarity principle’—the anti-rational doctrine asserting that a
physical scientist must simultaneously believe mutually contradictory propositions
(such as asserting that an entity is simultaneously an uncountably infinite wave and a
zero-volume point particle, or that physical transitions occur as uncaused 'quantum
jumps' without finite duration).

At the Fifth Solvay International Conference of 1927, this doctrine was dogmatized
into standard physics terminology. When Bohr insisted that physical reality is de-
fined strictly by the specific experimental arrangement set up by an observer and the
instrumental measurements recorded within that arrangement, he was, in an obfus-
cated way, proclaiming: “We should abandon theoretical physics. Let us merely col-
lect empirical laws.”

As aresult of this historical inversion, the very term 'theoretical physics' was coopted
to mean, in practice, the abandonment of theoretical physics. Rather than seek-
ing first-principles electrodynamic causes for physical phenomena, twentieth-century
'theoretical physics' became an enterprise of constructing mathematical curves to fit
empirical observations, asserting that the underlying mechanisms were intrinsically
unknowable.

Neuro-Physiological Consequences of Phase-Reversed Terminology

Prolonged living under the influence of phase-reversed terminology—where fun-
damental terms are inverted to signify their “opposites” and contradictions are
dogmatized as fundamental principles—creates a persistent, subconscious nervous
tension that is unhealthy for the human organism. The human central nervous
system requires similarity of structure between symbolic and objective realities,
to evaluate facts calmly and rationally without cognitive dissonance. Conse-
quently, absorbing, mastering, and employing correct theoretical physics—which
replaces mystical verbal evasions with transparent, deterministic multivector
field dynamics—eliminates this unnecessary nervous strain, restoring intellectual
tranquility and improving neuro-physiological health. (1]

Before 1927, an unexplained experimental observation was correctly designated as
an empirical law—a physical regularity whose underlying first-principles cause re-
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mained to be discovered through rigorous field analysis. After 1927, through system-
atic verbal trickery, empirical laws were rebranded as 'fundamental quantum prin-
ciples', transforming physical regularities into inexplicable, uncaused mysteries that
were forbidden to be questioned or derived.

Restoration of First Principles via the Master Field Equation

The Master Field Equation DF = ] in Clifford algebra C/(4, 1,1) on discrete multi-
scale resolution grid €, changes that completely. Semiconductor phenomena are not
uncaused 'quantum magic’; they are explicit, deterministic multivector field stress-
energy dynamics occurring within discrete atomic crystal lattices.

By replacing unphysical continuum point-particle singularities with non-singular
Clifford multivector wave packets co-propagating across discrete lattice grid cells,
the facts of solid-state physics are restored to their proper status: empirical laws
that are later rigorously derived from first principles. The 'quantum’ semiconductor
fallacy is eliminated, re-establishing solid-state engineering on a firm, transparent
electrodynamic foundation.

First-Principles Physical Definition of a Hole: Valence Band
Vacancy Wave Packets, Effective Mass Tensor, Hall Effect, and
Topological Charge Defect Dynamics

To establish solid-state device mechanics on a firm electrodynamic foundation, phys-
ical science must first resolve a foundational question: what, precisely, is a “hole” in
a semiconductor?

Twentieth-century popular accounts frequently portrayed a hole as an actual elemen-
tary physical particle—a “positive electron” or “positron-like entity” floating inside
solid silicon or germanium. In the Iris number system, we discard all such mystical
reifications. A hole is not a physical elementary particle; it is a topological charge
defect and vacant wave packet state within an otherwise populated valence band.

1. Valence Band Wave Packets and Vacancy Multivector States

In a solid semiconductor crystal (such as Silicon or Germanium), the periodic lattice
of atomic nuclei and core electron shells creates a discrete periodic potential grid €.
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Under the Master Field Equation DF = ] in Clifford algebra C/(4, 1, 1), valence elec-
trons occupy a dense set of single-particle multivector field states forming the valence

energy band.

At absolute zero temperature (7 = 0 K), the valence band is completely full: every
single-particle state across the symmetric Brillouin zone grid is occupied by a valence
electron. Because the Brillouin zone is symmetric around the origin in wavevector
space (k), for every valence electron moving with wavevector k; and group velocity
v, = Vi E(k), there exists an oppositely moving valence electron at —k, with velocity
—v,. Summing the current density over all N states in a completely filled valence band
yields exactly zero net current:

N

Jean = Z(—Q)Vi =0

i=1

When thermal agitation, optical field absorption, or an external electric bias promotes
a single valence electron out of the valence band into the conduction band (or extracts
it at an ohmic contact), it leaves an empty state (a vacancy) at wavevector k,.

2. Mathematical Equivalence of Valence Current and Positive Charge Motion

With one valence electron missing from state k,, the net electrical current density con-
tributed by the remaining N — 1 valence electrons is given by subtracting the missing
electron’s current contribution from the full-band zero sum:

N
Yo = DO (=0)% = D (=q)% = (~9)%, = 0+ qv, = (+9)v,
=1

i#e

wherev, = v, and k, = -k,.

This mathematical identity is profound: the collective, coordinated motion of N -1
negative valence electrons moving through a crystal lattice with one vacancy produces
an electric current density identically equal to that of a single fictive particle possess-
ing positive charge +4 = +1.602 x 107" C moving at velocity v,!
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3. Negative Band Curvature, Negative Electron Mass, and Positive Hole Mass

The dynamical response of carriers to an applied electric field E depends on the curva-
ture of the dispersion relation E(k) on discrete grid €y, defined by the effective mass
tensor:

w1 1 PE(k)
)y = 5 Ok;Ok;

Near the top of the valence band (the valence band maximum £, ), the band curves
downward, so the second derivative is strictly negative:

d°E 2
d_lez <0 = m, = ZE, <0
Ez

A valence electron located near the top of the valence band therefore possesses a neg-
ative effective mass (m, < 0). Under an applied electric vector field E, the force on
this valence electron produces an acceleration:

-q€  —qE  +9E +gE

a = = = =
mg =l | omy

Because the electron effective mass near the top of the valence band is negative, the
electron accelerates in a direction opposite to the electrostatic force —gE. Conse-
quently, the vacant state (the hole) accelerates in the same direction as the electric
field E, behaving in every dynamical aspect as if it were a pseudo-particle with positive
charge +4 and positive effective mass m; = |m;| > 0!

4. The Hall Effect Anomaly and Empirical Proof

The physical reality of hole current transport is conclusively demonstrated by the
Hall Effect. When a magnetic field B = B,z is applied perpendicular to a longitudinal
current density J, flowing through a semiconductor slab of width 77" and thickness
t, the transverse Lorentz force F = g(v x B) deflects carriers laterally, generating a
transverse Hall electric field £, and Hall voltage Vj; = £, 7.

« In n-type semiconductors (dominated by conduction-band electrons), elec-
trons moving at velocity v, < 0 are deflected toward the lateral edge y = 0,
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accumulating negative charge and establishing a negative Hall coefficient:

1

« In p-type semiconductors (dominated by valence-band holes), experimental
measurements reveal a positive Hall voltage and positive Hall coefficient:
1
Ry =+—

qp

Twentieth-century commentators frequently marveled at this positive Hall sign as a
“quantum mystery”. In truth, it follows directly from classical electrodynamics under
DF = J: because valence band electrons near E, have negative effective mass m, < 0,
the Lorentz force deflects them toward the same side of the slab as conduction elec-
trons, leaving an uncompensated positive space-charge accumulation (the vacancy
accumulation) on the opposite side. The resulting transverse electric field points in
the positive direction, yielding R, = +1/(gp) without requiring physical positive par-
ticles inside the crystal.

5. Jaynes MaxEnt State Partitioning and Mass-Action Balance

Under thermal equilibrium at temperature 7', Jaynes Maximum Entropy (MaxEnt)
partitioning on discrete grid €y sets the probability that a valence state at energy E is
vacant (occupied by a hole):

1 1
fl;(E) =1 _f;(E) =1- -\ E—E
1+exp(7tF) 1+exp( FV, )
st \3/2
Integrating over the valence band density of states p,(E) = # (b—z”) VE, — E yields
the equilibrium thermal hole concentration p:
_ N EF B El)
P =N, exp (_ Vt )

« 3/2
k . . . .
where N, = 2 (ZW'Z’; ”T) is the effective density of states in the valence band.
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Multiplying the MaxEnt electron density » = N, exp[—(E,—E;) /V;] by the hole density
p eliminates the Fermi potential £, yielding the fundamental mass-action law:

£
| 5]
where E, = E, - E, is the energy bandgap of the crystal lattice.

P-N Junction Physics, Built-in Potential, Shockley Diode Equation,
and Schottky Barriers

Doped Semiconductors and Depletion Layer Dynamics

A semiconductor crystal (such as Silicon, Si, or Germanium, Ge) consists of a peri-
odic atomic lattice. Doping the lattice with group-V donor atoms (e.g,, Phosphorus)
yields n-type material with excess mobile electron current density, while doping with
group-IIT acceptor atoms (e.g., Boron) yields p-type material with excess hole current
density.

When p-type and n-type regions meet at a metallurgical junction, major carrier diffu-
sion drives electrons into the p-region and holes into the n-region. This exposure of
uncompensated ionized donor cores (N ) and acceptor cores (N, ) creates a localized
depletion region (space-charge region) devoid of mobile carriers. The exposed space
charge generates an internal built-in electric vector field E; directed from the n-side
to the p-side.

Built-in Potential and Equilibrium Field Balance

At thermal equilibrium, the outward diffusion current density / g = gD, % is exactly
balanced by the inward drift current density /4.4 = gnu, Ey, yielding zero net current
Jeotal = 0- Integrating the built-in electric field across the depletion width 17" = x, + x,
yields the built-in potential 7;:

V,: = kB—Tln (NA—JZ\[D) =V In (MJZVD)
9

n: n.
[ [

where V] = kzT /g ~ 25.85 mV at 300 K, and #; is the intrinsic carrier density.

The total depletion width /77 under an applied reverse or forward voltage V" follows
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directly from integrating Poisson’s equation across the uncompensated donor and
acceptor space-charge layers:

W= \/25(1\[,4 +Np) (W, = V)
gN;Np

Derivation of the Shockley Diode Equation

Applying an external forward bias voltage V" lowers the potential barrier to ¥}, - V,
allowing exponential carrier diffusion across the junction. Applying a reverse bias
voltage V' = -V} widens the barrier to ¥}, + I, choking off diffusion and leaving only a
minute minority carrier thermal generation current I.

Solving the discrete charge-conservation balance equation for minority carrier diffu-
sion in the neutral regions:

2
dnp n, = Ny 0

" dx? 7,

yields the minority carrier concentration profiles 7, (x) = 7,4+, (""" =1)e /% Eval-
uating the diffusion current at the depletion boundaries yields the celebrated Shock-

ley Diode Equation:
V) =1 (f -1)

D D . ) .
where [ = g4 ( PLP”° + #) is the reverse saturation current, and » = 1.0-2.0 is the

diode ideality factor.

Metal-Semiconductor Schottky Barriers

A Schottky diode consists of a direct metal-semiconductor interface (e.g,, Platinum
on n-type Silicon). The Schottky barrier height @y = ®,, — y, governs current trans-
port via majority-carrier thermionic emission:

[= A4 dT? (e* - 1)

Because Schottky diodes rely strictly on majority carrier transport, they exhibit zero
minority-carrier storage delay, enabling ultra-fast reverse recovery times (< 100 ps)
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and lower forward voltage drops (0.2-0.3 V compared to 0.6-0.7 V for silicon p-n
diodes).

Specialized Solid-State Diodes: Zener, Avalanche, Varactor, Tunnel,
PIN, LEDs, and Photodiodes

Zener and Avalanche Breakdown Diodes

Under reverse bias, a p-n junction eventually undergoes electrical breakdown at volt-
age Izp:

+ Zener Breakdown (< 5 V): In heavily doped junctions (N, N, > 10'* em™),
the depletion layer width is extremely thin (77 < 10 nm). High reverse electric
fields (E > 10° V/em) induce direct internal field emission across the narrow
lattice barrier.

« Avalanche Breakdown (> 6 V): In moderately doped junctions, thermally gen-
erated carriers accelerating through the high reverse field acquire sufficient
kinetic energy to impact-ionize lattice atoms, liberating secondary electron-
hole pairs in a multiplying avalanche cascade governed by multiplication factor

_ 1
M = =iy

Varactor (Varicap) Diodes

A varactor diode exploits the voltage-variable junction capacitance C} of a reverse-
biased p-n junction. The depletion layer acts as a dielectric gap between conductive
neutral regions:

C(%) =

where m = 0.5 for abrupt junctions and m = 0.33 for hyperabrupt junctions. Varac-
tors serve as solid-state voltage-controlled capacitors in RF voltage-controlled oscilla-
tors (VCOs) and frequency synthesizers.



80

Esaki Tunnel Diodes: Degenerate Doping, Jaynes MaxEnt, and Wave Packet Res-
onance

Discovered empirically by Reona Esaki in 1957, the Esaki tunnel diode is a heavily
doped p-n homojunction operating entirely outside the classical Shockley diffusion
regime. Its operating mechanism illustrates how solid-state boundary transport fol-
lows deterministically from Jaynes Maximum Entropy (MaxEnt) partitioning and
bivector wave packet propagation under the Master Field Equation DF = [ in Clif-
ford algebra Cl(4,1,1).

1. Degenerate Semiconductor Doping and MaxEnt State Distribution: In stan-
dard p-n diodes, acceptor and donor doping levels (N, N, ~ 10°-10"" cm™)
remain non-degenerate, placing the equilibrium Fermi potential £ deep within
the forbidden energy bandgap E,. Inan Esaki diode, both sides of the metal-
lurgical junction are doped degenerately to extreme concentrations (N, N, >
10" ecm™), exceeding the effective density of states. Under Jaynes MaxEnt
partitioning on the discrete crystal grid €, maximizing entropy subject to local
energy and charge conservation constraints yields the Fermi-Dirac occupation
probability for carrier states at energy E:

f(E) =

1

1+exp (E_VtEF )

Because of degenerate doping, the Fermi potential on the n-side (Z,) pene-
trates above the conduction band edge (£, > E,), filling the lower conduction
band states with a dense sea of mobile electrons. Simultaneously, the Fermi po-
tential on the p-side (EFP) penetrates below the valence band edge (EFP < E,),

leaving the upper valence band states empty (a dense concentration of holes).

2. Ultra-Thin Depletion Barrier and Multivector Field Transmission: Integrat-
.ﬁ

ing Poisson’s electrostatic divergence V - E = £ across the space-charge region

reveals that degenerate doping contracts the depletion layer width 7 to sub-
10-nanometer dimensions:

26Ny + Np)Vy,

W =
gN;Np

<10nm (5-8 nm)

This produces an intense built-in electric vector field exceeding E .. >

10° V/em. In twentieth-century physics, carrier transit across this sub-10 nm
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gap was asserted to be an uncaused “quantum mechanical tunneling jump”. In
the Iris number system, electrons are non-singular multivector wave packets
F € Cl(4,1,1) satistying DF = J. Across a sub-10 nm lattice barrier, the
bivector field tail preserves deterministic phase coherence. The multivector
transmission coefficient 7 (E) across the discrete space-charge gap is derived
from the WKB-like field action integral over grid cells €

4 *
Ty(E) = exp( W“E 3/2)

Because 17 is under 10 nm, T () is extraordinarily large (10°~107"), enabling
immense field transmission current densities (10°~10> A/ cmz).

3. Voltage-Dependent Energy Band Alignment and Negative Differential Re-
(V) under
applied forward bias voltage V" is governed by the energy state overlap integral

sistance (NDR): The net field transmission current density I

tunnel

between filled n-side conduction states and empty p-side valence states:
[tunnel 27r2h3 f ﬁc ﬁv (E [f(E ] (E), dE

The resulting current-voltage (/-V") curve traces three distinct physical operational
regimes:

« Reverse Bias (J/ < 0): Applied reverse bias pulls the n-side energy levels down-
ward relative to the p-side, aligning filled valence band states on the p-side di-
rectly opposite empty conduction band states on the n-side. Field transmis-
sion current rises rapidly without saturation, causing the Esaki diode to act as
a highly conductive “backward diode” in reverse bias.

« Zero Bias (V' = 0): At thermal equilibrium, the filled n-side conduction states
align exactly with filled p-side valence states, while empty states align with
empty states. Forward wave packet transmission balances reverse wave packet

transmission identically (Z ), yielding zero net current (1 = 0).

}1—>P ]7—’71

« Peak Current Regime (0 < V' < V): Applying a small forward bias V raises
the n-side energy levels upward by ¢7". Filled n-side conduction band states
now face empty p-side valence band states across a broad overlapping energy
window AE = (E, - E,) + qV. Current increases rapidly with voltage, reaching
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a maximum peak current /, at peak voltage I/, = 50-100 mV.

Negative Differential Resistance (NDR) Regime (¥, < V' < 7}): As forward
bias increases beyond 7, the bottom of the n-side conduction band £ is pushed
above the top of the p-side valence band E,. Filled n-side conduction states
are now forced to face the unpopulated forbidden energy bandgap £, on the
p-side, where zero energy states exist. The overlapping state window shrinks
continuously. Consequently, despite the increase in applied voltage, the net
current drops precipitously toward a minimum valley current /, at valley volt-
age V, = 350-500 mV. In this interval, the incremental slope is negative:

-1
Ree () <o

establishing a true physical Negative Differential Resistance (NDR).

Thermal Diffusion and Excess Current Regime (V' > V,): Beyond valley volt-
age V,, direct band-to-band overlap collapses to zero. Current is maintained at
a small non-zero valley value 7, by localized defect-state “excess current”. As
forward bias increases further (7 > 0.6 V), conventional thermionic injection
over the reduced depletion barrier takes over, and current rises exponentially
according to the standard Shockley diode equation.

High-Frequency Microwave Oscillation and Equivalent Circuit: Because
NDR relies on ultra-fast bivector wave packet transmission across a 5-8 nm
lattice gap rather than slow minority carrier diffusion, response times are on
the order of picoseconds. Connected across a tuned LC resonant tank, the
negative conductance -Gy, = —1/|Ry| cancels the positive resistance loss of
the tank, converting DC power into sustained microwave oscillations up to
hundreds of gigahertz. The maximum resistive cutoff frequency f, of an Esaki

diode is given by:

1 (R
- 1
5= 2 RAGV R,

where C; is the junction capacitance and R, is the parasitic series lead resistance.
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PIN Diodes, LEDs, and Photodiodes

« PIN Diodes: An undoped intrinsic (I) layer is sandwiched between P and N
regions. At RF frequencies, the injected charge in the I-layer acts as a linear
WZ

(ent,)Q’

voltage-variable RF resistor R; = used in high-power RF switches and

attenuators.

« Light-Emitting Diodes (LEDs): Forward bias injects carriers across direct-
bandgap heterojunctions (e.g, GaN, GaAs), where radiative recombination
R = Bnp transduces electrical current directly into coherent or incoherent op-
tical field energy of characteristic transition energy by = E,.

« Photodiodes: Reverse-biased junctions where incident optical wave packets

generate electron-hole pairs in the depletion region, generating a photocurrent
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1, = RP,,, proportional to optical power, with responsivity & = 7.

Integrated Diode Arrays, Rectifier Bridges, and Logic Switching Ma-
trices

Full-Wave Bridge Rectifiers and Filtering

Power rectification converts AC utility lines into stable DC voltage using a 4-diode
Graetz bridge rectifier. The full-wave rectified output voltage V. = 2Ls feeds a reser-
voir condenser filter C. The peak-to-peak ripple voltage under load current 7 is:

I

V;sz_C

Monolithic TVS Diode Arrays

Modern high-speed digital interfaces (USB4, HDMI 2.1) employ monolithic Tran-
sient Voltage Suppression (TVS) diode arrays. Low-capacitance (< 0.2 pF) steering
diodes divert electrostatic discharge (ESD) transients into zener clamping diodes, pro-
tecting sensitive micro-scale integrated circuits from kilovolt spikes.

Historical Diode Logic (DL) and ROM Switching Matrices

Before transistor-transistor logic (TIL), early digital computing employed Diode
Logic (DL) matrices. Diode AND gates and OR gates formed boolean logic net-
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works. Monolithic diode matrix arrays served as read-only memories (ROM:s),
where presence or absence of a diode at row-column intersections defined permanent
bit patterns.

Formal Postulates and Theorems of Solid-State Diode Mechanics

Example 14. Theorem: First-Principles Derivation of Hole Charge Equivalence and
Positive Hall Effect

In a solid semiconductor lattice €y, a vacant state (a hole) at wavevector k, in a va-
lence band near maximum E, produces a net electric current density J,,; = (+9)v,.
Because the dispersion relation has negative curvature % < 0, the effective mass of
the missing electron is negative m, < 0, forcing the vacancy to accelerate under elec-
tric field E as a particle with positive effective mass m; = |m;| > 0 and positive charge
+¢. Under magnetic field B, the resulting Hall coefficient is strictly positive:

1
Ry =+—
T Tgp

proving positive Hall voltage without physical positive elementary particles.
Proof:

1. Current Summation over Brillouin Zone: Summing over all N states of a full
valence band gives ZZI (=g)v; = 0. Subtracting the vacant state k, yields J

0= (=9)v, = (+q)v,

val =

. . . . —gE

2. Acceleration and Negative Curvature: Evaluating the force equation a, = -&
. N P _ +qE _ +4E
with m, = —|m]| gives a, = ] =

3. Lorentz Force Deflection and Positive Hall Coefficient: Under transverse
magnetic field B,, negative valence electrons with 7, < 0 are deflected toward
y = 0, creating a positive space-charge accumulation on the opposite bound-
ary, establishing positive Hall field £, = +$ J.B, and positive Hall coefficient

Ry =+1/(qp). U

Example 15. Theorem: Epistemological Demolition of the ‘Quantum’ Semiconductor
Fallacy and Derivation of Solid-State Empirical Laws

Solid-state semiconductor devices—including point-contact rectifiers, p-n junction
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diodes, and Schottky barriers—are classical physical electrodynamic structures gov-
erned by multivector field stress-energy tensor states T € Cl(4,1,1) co-propagating
on discrete atomic crystal lattices €. The assertion that solid-state devices rely on un-
caused 'quantum principles’ or Bohr’s 'complementarity’ is an epistemological defect
arising from term codptation. Facts previously cataloged as empirical laws are derived
directly from the Master Field Equation DF = J without 'quantum’ mysticism.

Proof:

1. Solid-State Lattice Field Structure: In a solid crystal, atomic nuclei and elec-
tron shell clouds form a discrete periodic field grid €. The local charge density
p(r) and current density J(r) satisty the Master Field Equation DF = J.

2. Demolition of Term Codptation: Prior to the Master Field Equation, exper-
imental observations regarding energy band gaps, built-in potential barriers,
and junction currents were empirical regularities awaiting first-principles
derivation. Mislabeling these empirical laws as 'fundamental quantum prin-
ciples' through Bohr’s complementarity principle substituted verbal trickery
for physical causality. In C/(4,1,1), all carrier transport (drift, diffusion,
barrier transmission) is proven to be deterministic multivector wave packet
propagation across finite spatial grid boundaries.

3. First-Principles Consistency: Because all solid-state boundary transport equa-
tions follow strictly from DF = J on discrete grid €, solid-state devices are es-
tablished as classical electrodynamic field engines, completely eliminating the
'quantum’ semiconductor fallacy. [

Example 16. Theorem: Derivation of the Shockley Diode Equation from the Master
Field Equation

On a discrete lattice grid €, the total current density J across a p-n junction under
applied bias 7 obeys the exact field relation:
v
) =1 (e”t - 1)
where saturation current I is determined by minority carrier diffusion length and
thermal generation rate.

Proof:
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1. Space Charge and Built-in Potential: The divergence of the electric field in the
depletion layer V - E = £ establishes built-in potential ¥}, = ¥/ In(N,;Np, /n7).

2. Barrier Lowering and Carrier Injection: An applied forward bias V' reduces
the potential step to ¥}, — V. Minority carrier concentrations at the boundary

edges of the depletion region scale exponentially according to the Boltzmann

multivector factor n(x,) = POeV/ .

3. Diffusion Current Integration: Integrating the minority carrier diffusion con-
n—=ny0

. . 2
servation equation D, % -

exponential current / = L(eV/ .0

= 0 over the neutral p and n regions yields exact

Example 17. Theorem: First-Principles Derivation of Esaki Tunneling Mechanics
and Negative Differential Resistance

In a degenerately doped p-n junction on discrete lattice grid €, carrier state distribu-
tion follows Jaynes MaxEnt partitioning. Under applied forward bias I, net bivector
wave packet transmission current across the sub-10 nm space-charge barrier obeys:

Ev
) =6 f PUE) po(E) [£(E) - £B)| Ty(E), dE

In the voltage range V, < V' < ¥, the derivative of current with respect to voltage is
strictly negative:

dI

W<O

proving the existence of deterministic Negative Differential Resistance (NDR) from
first principles.

Proof:

1. MaxEnt Degenerate State Occupation: For degenerate acceptor doping N, >
10" ecm™ and donor doping N, > 10"’ cm™, Jaynes MaxEnt subject to energy
and particle constraints sets Fermi level £, > E on the n-side and £, < E,
on the p-side, filling conduction states and emptying valence states near the
junction.

2. Bivector Wave Packet Barrier Transmission: Integration of Poisson’s field
equation yields a sub-10 nm depletion width W = \[2¢(N, + NV}, / (gN,Np).
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Across this ultra-thin space-charge region, multivector wave packet field solu-

tions F € Cl(4,1,1) of DF = ] retain bivector phase coherence, yielding finite

42m* 3/2
3thmEg ) > 0.

transmission factor T3 (E) =~ exp(—

3. Band-to-Band Overlap Integration: Applying forward bias V" shifts n-side en-
ergy levels upward by gV. Overlapping energy states exist only in the band
overlap window AE = E, — (E, — ¢qV). Integrating state densities over this win-
dow gives total transmission current /(V).

4. Derivative Evaluation for NDR: Differentiating /(V) with respect to /" in the
interval where gV > E, — E.:

c

dI d
av = “ar [

Ev
[ A R B g7 = 0N
As V increases past peak voltage I/, the upper energy limit of available valence
states E, is exceeded by the shifting conduction band edge E, — ¢V, forcing n-
side electrons to face the unpopulated bandgap £,. The reduction in available
overlap area dominates the integrand, forcing j—é <OintheintervalV, <V <7,
proving deterministic NDR. [J

Completely Worked Technical Examples

Example 1: Cat’s Whisker Point-Contact Rectifier Work Function and Junction
Resistance

Problem Statement: A phosphor-bronze wire point contact (work function
®, = 4.50€V) is pressed against an n-type galena (PbS) crystal (electron affinity

X = 3.80€eV). Calculate the built-in barrier height @, and the reverse saturation
current density J at 7 = 300 K assuming Richardson constant 4™ = 120 A/ (cmsz).

Solution:

1. Schottky Barrier Height: @5, = @, — 7, = 4.50eV —3.80 eV = 0.70 eV.

@ L ..
2. Reverse Saturation Current Density: / = AT = 120 x (300)2(3_% =
1.08x 107 x ¢ 7% ~ 1.08x 107 x 1.74x 1072 ~ 1.88 x 10~ A/em” (18.8 wA/cm”).
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Example 2: P-N Junction Built-in Potential, Depletion Width, and Bias Current

Problem Statement: A silicon p-n junction diode has acceptor doping N, =

10 em™, donor doping N, = 10' ¢m™3, intrinsic carrier density n, = 1.5 x 10" em™3,

cross-sectional area 4 = 1.0 mm?, and reverse saturation current [ = 1.0 pA at 300
K. Calculate built-in potential 7}, and forward current at 7 = 0.65 V.

Solution:

. . . 17>< 16 33
1. Built-in Potential ;,: V;, = (0.02585)In (12210 ) = 0.02585In (551005 ) =

0.02585 In(4.444 x 10') = 0.02585 x (29.12) ~ 0.753 V.

2. Forward Bias Current at V' = 0.65V: I = L/ = 1.0 x 10712065/002585 _
1.0x 10712651% 2 1.0 x 1072 x (8.32 x 10'°) = 83.2 mA.

Example 3: Degenerate Germanium Esaki Tunnel Diode Characterization, NDR,
and Microwave Cutoff Frequency

Problem Statement: A degenerate germanium (Ge) Esaki tunnel diode has acceptor
doping N, = 2.0x 10" em™3, donor doping N}, = 2.0x 10 em™3, bandgap E, = 0.66 eV,
dielectric permittivity ¢ = 1.42 x 107 F/m, and junction area 4 = 1.0 x 107° cm?
(1.0x 10”7 m*). Measured DC characteristics at 300 K are peak current I, =10.0 mA
at peak voltage V/, = 50.0 mV, and valley current , = 1.0 mA at valley voltage V, =
350.0 mV. Parasitic series resistance is R, = 1.5 Q.

1. Calculate the built-in potential 7, and zero-bias depletion width 7.

2. Calculate the Peak-to-Valley Current Ratio (PVCR), the average Negative Dit-
ferential Resistance Ry, and the small-signal negative conductance —Gy.

3. Calculate the junction capacitance C; at zero bias.

4. Compute the maximum resistive cutoff frequency £, above which the diode
cannot amplify or oscillate.

Solution:
1. Built-in Potential V, and Depletion Width I7:

« For germanium at 300 K, intrinsic density is z; = 2.4x 10" cm™. Built-in
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potential is:

NyNp
2

n.
i

(2.0 x 101%)?
(2.4 x 1013)2

v, = zln( ) = (0.02585) In( ) = 0.02585 In(6.944x10") = 0.705 V

« Depletion width I7:

o [NV,
gIN;Np

Using N, = N, =2.0x 10> m™:

2(1.42 x 10719) (4.0 x 1025)(0.70 . 1015
w242 ) (4.0 x107)(0.705) _ \/8 009 X107 _ /12498 x 1016 ~ 1.118x10* m  (11.2 nm)
(1.602 x 10719 (2.0 x 105)2 6.408 x 1031

2. Peak-to-Valley Ratio (PVCR), NDR Ry, and Conductance —Gy:

« Peak-to-Valley Current Ratio:

7 10.0 mA
PVCR—[v 10 10.0

« Average Negative Differential Resistance Ry

V.=V, 0350-0.050 0.300
r_ 03 0 _ 0300 _ 33330

I,-1,  0.001-0.010 -0.009

RN:

« Small-signal negative conductance:

1 1
Gy = R = T35 = 0080 S (-30.0mS)

3. Junction Capacitance C:

ed  (142x107°F/m)(1.0x 107 m?) ~ 1.42x 107"

C, = =
7w 1.118 x 108 m 1.118 x 1078

~127x10 " F  (12.7 pF)

4. Maximum Resistive Cutoff Frequency f.: Applying the resistive cutoff fre-
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quency formula:

1 [Rnl

= 1
5= 2R\ R

Substitute |Ry| =33.33 Q, C; = 127 pF,and R, = 1.5 (&:

R .
|RN| -1= %—1=22.22—1=21.22 = v21.22 = 4.606

£

27| Ry |C; = 2% 3.14159 x 33.33 x (12.7 x 107%) ~ 2.660 x 10~ s
o s
¥ 2.660x107 s
The diode provides negative resistance amplification and self-oscillation up to
its resistive cutoff limit of 1.731 GHz.

~ 1731 x10° Hz = 1.731 GHz

Example 4: Hole Effective Mass, Mobility, and Positive Hall Coefficient in P-Type
Silicon

Problem Statement: A p-type silicon sample with acceptor concentration N, = 2.5 x
10" cm™ has thickness # = 0.50 mm and width 77 = 2.0 mm. The valence band
effective mass of holes is m; = 0.38m, (where m, = 9.109 x 107" kg), and hole drift
mobility is x, = 450 ecm?/(V - s). A longitudinal current [, = 5.0 mA flows through
the sample under a perpendicular magnetic field B, = 0.40 T.

1. Calculate the positive Hall coefficient R;.
2. Calculate the transverse Hall electric field £, and total Hall voltage 77,

3. Compute the drift velocity v, and average relaxation time 7, of the valence band
vacancies.

Solution:

1. Positive Hall Coefficient R;;: Assuming complete acceptor ionization at 300
K(p=N,;=25%x10"cm™ =2.5x10? m™):

1 1

Ry=+—=+ =+
A7 7gp ~ T (1.602x 1071 C)(2.5x 102 m™3) 4005

~ +2.497x10* m?/C  (+249.7 cm®/C)



91

2. Transverse Hall Field £, and Hall Voltage //;: Cross-sectional area 4 = W't =
(2.0 x 107> m)(0.50 x 10 m) = 1.0 x 10° m*. Longitudinal current density

L sox10 A _ 2 . .
S =% = Toroor = 5000 A/m”. Transverse Hall electric field Ey.

E, = Ry],.B, = (+2.497 x 107*)(5000) (0.40) = +0.4994 V/m
Total transverse Hall voltage V, = E,

V, = (04994 V/m)(2.0 x 107> m) = +0.9988 mV ~ +1.00 mV

3. Drift Velocity v, and Relaxation Time 7,: Hole drift velocity v,:

o = ko Ry ). = (2.497 x 107*)(5000) = 1.2485 m/s

Y ogp

Hole relaxation time 7,: Using x, = 0.045 m?/(V -s) and m;, = 0.38 x 9.109 x
107" kg = 3.4614 x 10" kg:

Mty (34614 x 107" kg)(0.045 m*/(V -s)) 15576 x 1072
rT g 1.602 x 1071 C 1602 x 10719

~9.72x10 % s (97.2fs)

This proves that valence band vacancies scatter every ~97 femtoseconds while
collectively maintaining a positive Hall voltage of +1.00 mV across the sample.
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Field-Effect Transistors

First-Principles Electrodynamics of Field-Effect Transduction

Field-Effect Transistors (FET's) modulate channel charge transport using transverse
electrostatic field bivectors generated across an insulating barrier or reverse-biased
p-n junction, eliminating the DC gate current required by bipolar junction devices.
Charge transport along the longitudinal channel axis x is governed by the Master
Field Equation DF = J on the discrete spatial lattice €.

Under Jaynes Maximum Entropy (MaxEnt) state partitioning, the local mobile
charge density Q j.nne1(x) inside the semiconductor channel responds to the local
electrostatic potential V' (x) relative to the controlling gate electrode potential V.
Field transduction translates transverse gate potential variations into proportional
longitudinal conductance changes without requiring physical carrier injection across
the gate interface.

Physical Analogies: Electron Tubes and Fluid Dynamics
Field-Effect Transistor <> Elastic Hydraulic Pinch Valve

An N-channel FET is similar in structure to an elastic hydraulic pinch valve control-

ling fluid flow through a flexible rubber hose.

¢« Drain-Source Voltage V},s: Hydraulic pressure difference between inlet
(source) and outlet (drain) driving fluid throughput.

« Gate-Source Voltage I;: External mechanical clamping pressure applied to
the flexible rubber hose.

« Pinch-Off I,: When external clamping force exceeds a critical threshold, the
flexible hose walls collapse together at the outlet end, pinching off the channel.
Beyond pinch-off, fluid flow saturates at a constant maximum rate determined
solely by upstream pressure, perfectly mirroring FET drain current saturation.

Junction Field-Effect Transistors (JFET's)

A Junction Field-Effect Transistor (JFET) consists of a semiconductor bar (N-type or
P-type) featuring ohmic contacts at both ends—designated the Source and Drain—
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and reverse-biased p-n junctions formed along the channel sides, designated the Gate.

Pinch-Off Voltage Derivation on Lattice €

Consider an N-channel JFET with donor doping N;), channel width 177, length L, and
semi-height 2. Applying a reverse bias V;g < 0 expands the space-charge depletion
region into the channel. Under Poisson’s equation on G:

A )

dy? £
Integrating across depletion width 4 yields the depletion voltage profile:

N,
V:q D
J 2¢

When depletion width equals the semi-height (» = 4), the channel is completely
choked off. The internal potential required to achieve complete channel closure de-
fines the Pinch-Off Voltage /}:

_ ‘1ND‘Z2
P )

Derivation of Shockley’s Square-Law Transfer Equation

When drain-source voltage V},5 is applied, the local channel potential 7(x) increases
from source (x = 0,V = 0) to drain (x = L,V = V). The effective reverse bias at
position x is V]'(x) =V (x) = V.

Integrating the total mobile charge from source to drain under the Gradual Channel
Approximation gives the total drain current in saturation (where V5 > Vg — 7p).
MaxEnt state partitioning over discrete channel states collapses the integration to
Shockley’s Square-Law Transfer Relation:

where ¢ is the maximum drain saturation current at zero gate bias (V4 = 0).

The small-signal transconductance g,, in saturation is obtained by differentiating with
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respect to V:

2 Y) g ()
- — &m0 74
P

A AN
where g, = z‘%lb is the maximum transconductance at V¢ = 0.

Metal-Oxide-Semiconductor Field-Effect Transistors (MOSFET')

In Metal-Oxide-Semiconductor Field-Effect Transistors (MOSFET's), a thin insulat-
ing dielectic layer (silicon dioxide SiO,, thickness 7, ~ 1.5-10 nm) isolates the metal-
lic/polysilicon gate electrode from the underlying semiconductor substrate. This in-
sulation reduces DC gate leakage current to sub-picoampere levels (I; < 107> A).

Inversion Layer Formation and Threshold Voltage

Applying a positive gate voltage V¢ to an N-channel MOSFET (P-type substrate) re-
pels mobile holes from the surface, creating a space-charge depletion layer. When gate
voltage exceeds the Threshold Voltage V},, the surface potential bends sufficiently to
attract minority electrons, creating a conductive N-type surface inversion layer con-
necting the N+ Source and Drain regions.

The threshold voltage 7}, is governed by surface energy band bending and oxide ca-
pacitance C,, = j—x

Vip = Vg +2¢p +

where I}, is the flat-band voltage, ¢ = V/In (%) is the Fermi potential, and N, is
substrate acceptor concentration.

Gradual Channel Approximation and I-V Derivation

Let V/(x) be the channel potential at distance x from the source. The mobile electron
charge density per unit area in the inversion layer is:

Qn(x) = _C;x [VE;S - V;b - V(.X‘)]
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The longitudinal current f, passing through channel width 777 under carrier mobility
&, 1s:

av

dav
I = W, Q) T = Wit G Vs = Vi, = V()] T

Integrating along the channel length x = 0 to x = L while potential rises from 77(0) = 0
to V(L) = Vpg:

L o
[ bt =W, Go [ Ves-Vip-V]av
0 0

Evaluating the integral yields the Linear Triode Region Equation (valid for 7}, <
Vas = Vip):

w 1
I = G |Wess = Vi s = 572

When drain voltage reaches saturation (V5 = Vg oc = Vs —V;,), the inversion charge
at the drain end drops to zero (channel pinch-off). Substituting V7,5 = V¢ — 7, gives
the Saturation Region Equation:

1 w
Ip = z{unCoxT(VGS = Vip)? (1 + W)
where 1 is the channel-length modulation parameter representing finite output resis-

tance in saturation.

Power MOSFET's and Advanced Field-Effect Architectures
Vertical DMOS (VDMOS) and Trench MOSFET's

Unlike planar lateral signal MOSFET', power MOSFET utilize vertical current con-
duction paths to sustain high breakdown voltages (up to 1200 V) while handling
heavy currents (exceeding 100 A). In a Vertical Double-Diffused MOS (VDMOS)
transistor, current flows vertically from top source contacts, through a short horizon-
tal inversion channel, and down through a thick lightly doped N-drift layer into the
bottom substrate drain.

In Trench MOSFETS, the gate electrode is etched vertically into the silicon substrate



96

as a trench filled with polysilicon. Vertical trench walls double the effective channel
packing density, reducing specific on-resistance (Rpgon)) to ultra-low levels (< 1 mQ).

Switching Speed Limits and Gate Charge

Power MOSFET switching speed is limited by parasitic inter-electrode capacitances:

55

1. Input Capacitance G, = C;, + G,y

2. Output Capacitance €, = G, + Gy

oss

3. Reverse Transfer Capacitance C,, = C ; (Miller capacitance)

rss

During high-speed turn-on, gate driver circuits must supply total gate charge Q, to
charge the Miller capacitance C,, through the voltage transition plateau, dictating
switching loss in high-frequency DC-DC converters.

Complementary Metal-Oxide-Semiconductor (CMOS) Technology
in Analog and Digital Circuits

Complementary Metal-Oxide-Semiconductor (CMOS) technology pairs N-channel
(NMOS) and P-channel (PMOS) field-effect transistors on a single silicon substrate.

Zero Static Power Dissipation

In a standard CMOS inverter, the NMOS transistor connects between output and
ground, while the PMOS transistor connects between output and supply voltage 77, ,:

« Input High (¥}, = 1},5): NMOS is ON (conducting), PMOS is OFF (cut off).
Output is pulled down to 0 V.

« Input Low (¥, = 0 V): NMOS is OFF (cut off), PMOS is ON (conducting).
Output is pulled up to ¥}p,.

~ 0A). Max-
Ent equilibrium bounds confirm that static power dissipation is limited purely to sub-
= VbD[leak <1 HW)

In both steady states, one transistor is completely turned off (7

static

threshold leakage currents (P

static



97

Dynamic Switching Power Consumption

Power is consumed exclusively during logic state transitions as parasitic load capaci-
tance Cy,,q is charged and discharged through the conducting transistors. Dynamic
power dissipation scales linearly with clock frequency f:

2
P dynamic = Cloadf VDD

Latch-Up Physics and Substrate Guard Rings

Adjacent NMOS and PMOS structures form parasitic four-layer p—n—p—n thyristor
paths within the silicon substrate. High voltage transients or radiation events can
trigger regenerative latch-up, short-circuiting /7, to ground. CMOS layouts prevent
latch-up by integrating highly doped N+ and P+ substrate guard rings that short-
circuit internal parasitic transistor base-emitter junctions.

Worked Example Problems in Field-Effect Transistor Circuits
Example 1: N-Channel JFET Operating Bias and Transconductance

Problem Statement: An N-channel JFET has maximum saturation current ,gg =
12.0 mA and pinch-off voltage 7, = —4.0 V. The JFET is biased in a common-source
amplifier circuit with gate-source voltage V¢ = —1.5 V and drain supply resistor R, =
2.2 kQ connected to ¥}, = 24.0 V.

1. Calculate the saturation drain current Z,.

2. Compute the small-signal transconductance g,,.

3. Verify that the JEET remains in saturation if drain voltage 7}, = 13.5 V.
Solution:

1. Saturation Drain Current I,

Vo -1.5\%
I = Igs (1 - %) = (12.0 mA) (1 - %(S)) =12.0x(1-0.375)* = 12.0x(0.625)*
P I

I, = 12.0 x 0.390625 = 4.688 mA
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2. Small-Signal Transconductance g,

_ ZIDSS _ 2)( 120 mA
S0 =l T T 40V

= 6.0 mS

”
&n = &no (1 - %) = (60mS) x (1~ 0.375) = 6.0 x 0.625 = 3.75 mS$
P

3. Saturation Verification: Drain-source voltage I, = 1, = V; =135V -0V =
13.5V. Saturation threshold Vg, = Vs = 7p = =1.5V = (=4.0V) = 2.5V.
Since Vg = 13.5V > 2.5V, the device is confirmed to operate deep within the
pinch-off saturation region.

Example 2: Enhancement MOSFET Drain Current and Transconductance Pa-
rameter

Problem Statement: An N-channel enhancement MOSFET has threshold voltage
V,, = 120V and process transconductance parameter £'¢ = x,C, /7 = 5.0 mA/V’,
Calculate the drain current 7, for:

1. V5 =2.50 Vand V5 = 0.50 V (Linear region).
2. Vgg =2.50Vand V5 = 3.00 V (Saturation region).
Solution:

1. Linear Region (V5 = 0.50 V < V5 -V, =130 V):

1 1
Iy =k'e|(Vog = V)V — zVDZS] =5.0x [(2.50 —1.20)(0.50) — z(o.so)2
I, = 5.0x[(1.30)(0.50) — 0.125] = 5.0x[0.65-0.125] = 5.0x0.525 = 2.625 mA

2. Saturation Region (7,4 =3.00V > 1.30V):

Lo
Iy = Skye(Vas=V,)" =

5 (5.0)(2.50-1.20)* = 2.5x(1.30)* = 2.5x1.69 = 4.225 mA

N —



99

Point-Contact and Bipolar Junction Transistors

This chapter establishes the first-principles electrodynamics of point-contact and
bipolar junction transistors (BJTs) on discrete multiscale resolution grids %y,
deriving carrier transport across neutral base regions, Ebers-Moll equations, Early
effect base-width modulation, current gain factors, mechanical and fluid dynamics
analogies, historical germanium metal-can tin whisker failures, formal theorems, and
worked textbook examples.

First-Principles Electrodynamics of Bipolar Transistors and Carrier
Transport

Bipolar Junction Transistors (BJ T's) consist of two closely coupled p-n junctions shar-
ing a ultra-thin central base region (thickness 7 < 0.5 um). Current conduction

involves both majority and minority carriers governed by the Master Field Equation
DF = ] on the discrete grid 6.

Minority Carrier Base Diffusion and Injection Efficiency

In an NPN transistor operating in the forward active mode, the Emitter-Base junc-
tion is forward-biased, while the Collector-Base junction is reverse-biased:

1. Emitter Injection Efficiency y: The ratio of electron current injected from the
emitter into the base to the total emitter current:

y Iy 3 1

= = D, N7,

Lp+ 1L 1+_DPAZL”
wNelp

To maximize y ~ 1, the emitter region is heavily doped (N > Np), ensuring
that injected electron current dominates hole back-injection.

2. Base Transport Factor «;: Injected electrons diffuse across the narrow P-type
base region. Under MaxEnt carrier transport equations on €y, the fraction of
injected electrons surviving recombination across base width 17} is:

W Wy
ar = sech(L—B) ~1--2%

n

where L, = /D, 7, is electron diffusion length in the base.
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3. Current Amplification Factors: Total common-base current gain « and
common-emitter current gain 3 satisty:

o

a=yar, [=

1-«

Because  ~ 0.99-0.999, common-emitter current gain ranges from 8 ~ 100 to
1000.

Base-Width Modulation (Early Effect) and Kirk Effect

Increasing reverse collector-base voltage V.5 expands the collector space-charge de-
pletion layer into the base, shrinking the effective neutral base width 7. This Early
Effect increases the minority carrier concentration gradient across the base, raising
collector current with increasing V.. The output resistance in active mode is param-

VatVer

eterized by the Early Voltage V/;: 7, = =

At extreme collector current densities, injected minority charge density in the collec-
tor depletion region exceeds background donor doping (» > Np,). This Kirk Effect

(Base Push-Out) shifts the effective neutral base boundary deep into the collector
drift region, widening 7 and causing high-current gain roll-off.

Mechanical and Fluid Dynamics Analogy: Dual-Diaphragm Hy-
draulic Pilot Valve

Bipolar Junction Transistor <> Dual-Diaphragm Hydraulic Pilot Valve

An NPN BJT is similar in structure to a dual-diaphragm hydraulic pilot valve con-
trolling high-pressure fluid flow.

« Emitter <> Main Fluid Supply Port: High-pressure fluid reservoir supplying
bulk fluid flow.

« Base < Flexible Pilot Diaphragm Control Chamber: Applying a small pilot
fluid current f into the pilot chamber flexes a thin internal diaphragm, opening
the main valve gate.

« Collector <> Main Fluid Discharge Port: High-volume fluid stream dis-
charged through the main gate, where discharge current I, = pI; is strictly
controlled by the small pilot control current.
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Early Germanium Transistors, Hermetic Metal Cans, and Tin
Whisker Short-Circuit Failures

Early commercial bipolar transistors (1950s—1960s) utilized alloy-junction germa-
nium (Ge) crystals encapsulated inside hermetically sealed metal cans (TO-5, TO-18
packages).

Germanium Bandgap and Thermal Sensitivity

Germanium possesses a narrow bandgap (Eg = 0.66 €V at 300 K) compared to sili-
con (E, = 1.12eV). Higher intrinsic carrier density (n; ~ 2.4 x 10" em™) results in
high reverse collector cutoff leakage current (Z5, ~ 2-10 zA), making germanium
transistors susceptible to thermal runaway at operating temperatures exceeding 75
°C.

Mechanics of Tin Whisker Filament Short-Circuits

To protect lead wires and iron-nickel metal cans (Kovar) from ambient oxidation,
early manufacturers electroplated package surfaces with bright pure tin (Sn).

Over time, residual compressive mechanical stress within the electroplated tin crys-
tal lattice drives atom migration along crystal grain boundaries. This compressive
stress spontaneously expels needle-like single-crystal metallic filaments known as
tin whiskers (diameters 1-5 um, lengths extending beyond 10 mm). In tightly
packed electronic chassis, tin whiskers bridge the gap between metal cans, lead
posts, or grounded enclosures, causing catastrophic electrical short circuits. Modern
aerospace and military standards mandate matte-tin alloys containing minimum 3%
lead (Pb) to suppress whisker formation.

Formal Postulates and Theorems of Bipolar Transistor Electrody-

namics
Example 18. Postulate: Base Minority Carrier Transport

Inside a bipolar junction transistor operating on the discrete grid €,;, minority car-
rier transport across the neutral base region is governed by Master Field Equation
diffusion-drift equilibrium, where current gain parameters « and j are bounded by
discrete energy conservation laws.
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Example 19. Theorem: Ebers-Moll Reciprocity Relation

For any bipolar junction transistor on grid €, the forward common-base current
gain a, reverse common-base current gain a,, saturation current g, and collector
saturation current /¢ satisfy the exact reciprocity identity:

aplpg = agles = I

Proof:

1. Coupled Junction Equations: Expressing total emitter and collector currents
using back-to-back diode equations on Gy

[E = IES (EVI;E/V; — 1) — “R[CS (KI/I}C/V; — 1)
I = aplyg (eVéE/V; _ 1) — I (gVBc/Vt _ 1)

2. Thermodynamic Equilibrium: At zero applied voltages (V5 = V3 = 0), ther-
mal carrier flux balance across the base region requires that coupling trans-
current coefficients in both directions equal the intrinsic saturation transport
constant L.

3. Reciprocity Identity: Equating forward and reverse transfer flux components
yields aF]ES = “R[CS = [9. ‘:’

Worked Example Problems in Bipolar Junction Transistor Circuits
Example 1: NPN BJT Collector Current, Base Current, and Power Dissipation

Problem Statement: An NPN silicon transistor operates in forward active mode with
common-emitter current gain # = 150 and base-emitter voltage drop V5, = 0.70 V.
The transistor is biased with base resistor R; = 100 kQ connected to V. = 15.0 V and
collector load resistor R = 1.2 kQ.

1. Calculate base current I, collector current I, and common-base gain .

2. Compute collector-emitter voltage V., and total transistor power dissipa-
tion B,.

Solution:
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1. Base and Collector Currents:

Vec=Vpr _ 150V -070V _ 143
R, 100000 O 100000

Iy = =1430x107* A (143.0 zA)

I = BI; = 150 x (1.430 x 107 A) = 21.45 mA

B 150
d—1+[8—1—51~0.99338

2. Collector Voltage and Power Dissipation:
Vig = Voe—IoRe = 15.0 V=(21.45x1072 A)x(1200 Q) = 15.0-25.74 V —> Saturated!

Since calculated IR = 25.74'V > V, the transistor enters saturation with

Vee—Ver _
Vepsay = 0-20 V. Saturated collector current: oy = — ¢ = o020 =
148

00 = 12.33 mA. Power dissipation: B, = It Vepsar + BVer = (12.33 mA x
0.20 V) + (0.143 mA x 0.70 V) = 2.466 mW + 0.100 mW = 2.566 mW.

Example 2: Heterojunction Bipolar Transistor (HBT) Injection Efficiency

Problem Statement: A SiGe Heterojunction Bipolar Transistor has emitter doping
Np = 1.0 x 10" em™, base doping Ny = 1.0 x 10" cm ™, base width ¥, = 0.05 um,
and emitter width 17 = 0.20 um. The SiGe base bandgap is narrower than the silicon
emitter bandgap by AL, = 0.15 V. Calculate the emitter injection efficiency factor y
at7 =300 K.

Solution:

1. Bandgap Offset Enhancement: The narrow base bandgap exponentially sup-

presses hole back-injection into the emitter by factor Al

= e "

Ly NWj %%
InE ]\[EVV;E

Substitute 7, = 0.02585 V:

AE, 015

v, ~ 0.02585

~5.8027 = ¢ %% £3019%x107°
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2. Current Ratio and Injection Efficiency:

Ny, (107)(0.05)  0.50

= = 22 =250
NeWy ~ (1018)(0.20) ~ 0.20
b ; X
75 =250 % (3.019x 107) = 7.548 x 107
nkE
-1 - . - ~ 0.9925
Y= T T T+0007548 ~ 1007548
Inl."

Despite the base being 10 times more heavily doped than the emitter, the SiGe
bandgap offset preserves an ultra-high injection efficiency of 99.25%.
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Other Semiconductor Devices

This chapter covers specialized four-layer and negative-resistance semiconductor de-
vices, including thyristors (SCRs, TRIACs), Insulated-Gate Bipolar Transistors (IG-
BTs), Unijunction Transistors (UJTs), optoelectronic phototransistors and optocou-
plers, Hall-effect sensors, and microwave Gunn and IMPATI' diodes, establishing
their operation from first principles alongside fluid dynamics analogies and worked
examples.

Thyristors, SCRs, and TRIACs: Four-Layer Regenerative Latching
Dynamics

Thyristors are four-layer p — n — p — n solid-state semiconductor switches that tog-
gle between a non-conducting forward blocking state and a low-resistance forward
conducting state through internal regenerative positive feedback.

Regenerative Feedback and Latching Condition

A Silicon Controlled Rectifier (SCR) can be modeled as two cross-coupled
transistors—a PNP transistor Q; and an NPN transistor Q,. Under the Master
Field Equation DF = J, total anode current I, passing through the reverse-biased
central junction Jj, satisfies:

a1l + Iy

L=y +ady+ gy + Iy — 1y = 1= (2, + )

where 2, and «, are the common-base current gains of Q, and Q,.

When a gate current pulse ; is injected into the inner P-layer, carrier density in-
creases, raising current gains «; and ,. When «; + 2, — 1, the denominator van-
ishes, triggering a regenerative current explosion that latches the device wide ON.
Once latched, gate control is lost; the SCR remains conducting until anode current is
forced below the critical holding current ;.

TRIAC Bidirectional Switching

A TRIAC integrates two anti-parallel SCR structures with a common gate electrode
on a single silicon chip. TRIACs switch AC currents in both positive and negative
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half-cycles, enabling full-wave power control in dimmers, motor speed controllers,
and solid-state relays.

Insulated-Gate Bipolar Transistors (IGBTS)

The Insulated-Gate Bipolar Transistor (IGBT) combines the high input impedance
of an insulated MOSFET gate with the low forward conduction voltage drop of a
power bipolar transistor.

Applying gate voltage V;;; > V¢, forms an inversion channel in the P-well, injecting
electrons into the thick N-drift region. Injected electrons bias the underlying P+ sub-
strate junction, flooding the N-drift layer with minority holes. This heavy conduc-
tivity modulation reduces drift region resistance by two orders of magnitude, main-
taining ultra-low forward saturation voltage drops (Vg = 1.5-2.0 V) under high
voltage (1200 V+) and heavy current (100 A+) operation.

Unijunction Transistors (UJTs) and Relaxation Oscillators

A Unijunction Transistor (UJT) consists of a lightly doped N-type silicon bar with
two base contacts (B, B,) and a single P-type emitter junction positioned along its

length.

The intrinsic standoff ratio 5 defines the internal voltage division across the base bar:

- R _Rp
Rpy + Rgy,  Rpp

When emitter voltage exceeds the peak point potential 7, = 7V, + V7, minority holes
flood lower base region R,. Conductivity modulation triggers a sudden drop in Ry,
generating a region of negative differential resistance that enables single-device relax-
ation oscillators and timing circuits.

Optoelectronic Devices and Magnetic Hall-Effect Sensors
Optoelectronic Devices and Photocouplers

« Photodiodes and Phototransistors: Optical wave packets with field energy
hy > Eg striking reverse-biased junctions excite valence band electrons into the

P opt
by *

conduction band, generating photocurrent ,, = g7
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« Optocouplers: Integrating an infrared LED and a phototransistor inside an
opaque package provides complete electrical isolation (> 5000 V) between
high-voltage power circuits and low-voltage digital microcontrollers.

Hall-Effect Sensors and Transverse Bivector Forces

Passing electric current 7 through a semiconductor slab (thickness #) under a perpen-
dicular magnetic field bivector B induces a transverse Lorentz force F = g(v x B) on
mobile carriers. Charge accumulation establishes a transverse Hall Voltage 77;:

R, IB
Vy ==

where R;; = +$ for holes and R;; = —q—ln for electrons. Measuring Hall voltage deter-
mines carrier type, concentration, and magnetic flux density.

Microwave Devices: Gunn Diodes and IMPATT Diodes
Gunn Diodes and the Transferred-Electron Effect

Gunn diodes exploit the Ridley-Watkins-Hilsum (RWH) transferred-electron effect
in N-type Gallium Arsenide (GaAs). When electric fields exceed threshold Ey, ~
3.2kV/cm, electrons transfer from a high-mobility central conduction valley (g, =
8500 cm®/(V - 5)) into low-mobility satellite valleys (x, =~ 100 cm®/(V - 5)).

This intervalley transfer causes negative differential mobility (j—g < 0), forming
high-field space-charge domains that transit across the device at drift velocity
v = 107 ecm/s, generating microwave oscillations from 10 GHz to 100 GHz.

IMPATT Diodes and Impact Ionization Avalanche Transit Time

IMPATT (Impact Ionization Avalanche Transit Time) diodes combine reverse-bias
avalanche breakdown with carrier drift transit-time delay:

1. Avalanche Phase Delay: High electric fields trigger impact ionization, delaying
peak avalanche current by 90° relative to peak RF voltage.

2. Transit-Time Phase Delay: Injected carriers drift across an N-type drift re-
gion, introducing an additional 90° transit phase delay.
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The combined 180° phase shift creates negative resistance at RF frequencies, enabling
high-power microwave signal generation up to 300 GHz.

Mechanical and Fluid Dynamics Analogies
Thyristor (SCR) <> Hydraulic Trip-Latch Safety Valve
An SCR is similar in structure to a spring-loaded hydraulic trip-latch safety valve.

« Forward Pressure: Applied hydraulic pressure tries to push open a main valve
flapper, but a mechanical latch holds the valve closed.

« Gate Triggering: Applying a tiny physical pulse to a small pilot trigger lever
trips the mechanical latch. Main fluid pressure pops the flapper wide open.

« Latching Action: Fluid flow keeps the flapper held wide open without requir-
ing ongoing force on the trigger lever. The valve snaps closed only when fluid

flow drops below the holding threshold Q.

UJT Relaxation Oscillator <> Self-Siphoning Flush Bucket

A UJT relaxation oscillator is similar in structure to a self-siphoning tipping flush
bucket.

« Charging Phase: Fluid fills an elevated bucket at a steady rate through a narrow
inlet pipe (RC timing).

« Peak Triggering: When fluid reaches a critical height threshold /,, the bucket’s
center of gravity shifts past a mechanical pivot point, tipping the bucket for-
ward.

« Negative Resistance Dump: Fluid rapidly siphons out through a wide
discharge chute, dumping the bucket contents until fluid drops below the hold
level /,,, whereupon the bucket resets upright.

Formal Postulates and Theorems of Four-Layer Devices
Example 20. Theorem: Regenerative Latching Condition for Four-Layer Thyristors

In a four-layer p—n—p—n semiconductor structure governed by the Master Field Equa-
tion DF = ], forward conduction latching occurs if and only if the sum of common-
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base current gains satisfies:

a1 (L, Vi) + 2y (L, V) = 1

Proof:

1. Coupled Transistor Equations: Total anode current passing through reverse-
biased central junction J/, is the sum of collector currents from constituent PNP
(Q,) and NPN (Q,) transistors plus junction leakage current Z:

Ly =ayly + el + Ige, + I

2. Anode Current Solution: Solving explicitly for anode current /:

_ g+ g

b= 1— () +a,)

3. Latching Singularity: As gate current J; increases carrier injection, current
gains «; and «, increase with current density. When «; + #, — 1, the denom-
inator vanishes, driving regenerative anode current escalation limited only by
external circuit resistance. [

Worked Example Problems in Specialized Semiconductor Devices
Example 1: SCR Gate Pulse Duration for Inductive Load

Problem Statement: An SCR has a critical latching current J; = 25 mA, holding
current [; = 10 mA, and gate trigger voltage V, = 0.75 V. It is used to switch a load
resistance R; = 20 Q from a supply voltage I, = 100 Vpc. Calculate the minimum
gate pulse duration ¢, required to successfully latch the SCR ifload inductance is Z; =
150 mH.

Solution:
1. Inductive Anode Current Growth: When gate current triggers the SCR, an-

ode current grows exponentially in the RL load circuit:

Vs A
L(r) = R—i (1 —e Lﬁt)
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For small ¢ relative to time constant 7 = T = T3 = 7.5ms, we use linear
o v
approximation [, (¢) = L—it.

2. Minimum Gate Pulse Duration ¢,.: The gate pulse must persist until anode
current reaches the latching threshold 7,(z,) = ; = 25 mA:

CLL; (25x107° A)(1S0x 10 H)  3.75x107° S5
tg__s_ 100 = 100 =3.75%x107" s = 37.5 us

Example 2: GaAs Hall Sensor Voltage Output

Problem Statement: A GaAs Hall-effect sensor with thickness r = 10 um and elec-

3 carries a control current 7 = 5.0 mA. Calculate

tron concentration z = 1.5 x 10! m~
the Hall coefficient R;; and the resulting Hall voltage 7}; generated when a magnetic

B-field of B = 0.25 T is applied perpendicular to the sensor element.
Solution:
1. Hall Coefficient R,:

1 1 1 5 s
R == _ - ~ —4.161x10 C
H= " n ~ T (1.602%x 100 C) (1.5 x 102 m3) 2403 X107 m’/

2. Hall Voltage V};:

v |Ry|IB (4.161x107°)(5.0x 10 A)(0.25T) _ 5.201x10°°
2=y 10 x 10~ m 107

=0.5201V =520.1 mV
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Analog Integrated Circuits

This chapter develops first-principles operational amplifier (Op-Amp) architectures,
linear and analog CMOS integrated circuits, linear unbuffered CMOS dropout ampli-
fier stages, and the NE555/CMOS 555 timer family, including constant-current lin-
ear ramp generators, pulse circuits, mechanical analogies, formal proofs, and worked
textbook examples.

Operational Amplifier (Op-Amp) Architectures and Feedback Me-
chanics

An Operational Amplifier (Op-Amp) is a high-gain, direct-coupled differential am-
plifier integrated circuit.
Internal Architecture

« Differential Input Stage: Long-tailed differential transistor pair driven by an
active current source, providing high common-mode rejection ratio (CMRR).

« Voltage Amplification Stage (VAS): High-gain intermediate stage with pole-
zero compensation condenser establishing a dominant open-loop corner fre-
quency.

¢« Push-Pull Output Buffer: Complementary Class-AB output stage delivering
low output impedance R, — 0.
Ideal Op-Amp Properties and Negative Feedback

An ideal operational amplifier exhibits infinite open-loop gain (4, — ), infinite in-
= 0), and infinite bandwidth.
Applying negative feedback drives differential input voltage to zero (V, — V. = 0), cre-

put impedance (R;, — ), zero output impedance (R

ating a virtual ground at the inverting terminal.

Fundamental Op-Amp Topologies

R

1. Inverting Amplifier: Closed-loop voltage gain 4, = ¢

2. Non-Inverting Amplifier: Closed-loop voltage gain 4, = 1 + 1;—{.
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3. Integrating Amplifier: V() = — 7= fot Vin(n)dr + 1,

initial*

4. Instrumentation Amplifier: Three-Op-Amp precision differential amplifier
2R1) R

with high input impedance and adjustable gain 4, = (1 + 70 ) 7

Analog CMOS and Linear IC Architectures

Complementary Metal-Oxide-Semiconductor (CMOS) technology—combining N-
channel and P-channel MOSFET' on a single silicon substrate—forms the backbone
of modern analog integrated circuits.

Digital CMOS Inverters as Linear Amplifiers

A remarkable property of digital CMOS logic gates (such as 4000-series CD4069UB
unbuffered inverters or 74HCO04 logic gates) is that when biased into their linear
transition region by connecting a high-value feedback resistor R ~ 10 MQ be-
tween output and input, the complementary NMOS/PMOS pair operates as a
high-performance linear amplifier.

In this linear bias state (V;, =V

out = 3Vec), both transistors operate simultaneously

in saturation. The combined small-signal voltage gain is:

Av = _(gmn +gmp)(}2n ” yz‘yp)

yielding open-loop voltage gain of 30-40 dB per stage with ultra-high input
impedance (R;, > 10'* Q) and near-zero DC input bias current loading. Cascading
three unbuffered CMOS inverter stages with resistive feedback forms low-cost,
high-precision linear instrumentation amplifiers and active filters.

The 555 Timer IC Family, Pulse Circuits, and Constant-Current

Linear Ramp Generators

The 555 timer IC—first designed by Hans Camenzind in 1971 as the bipo-
lar NE555/LM555 and later implemented in complementary metal-oxide-
semiconductor form as the ICM7555 and LMC555—stands as one of the most
enduring and widely deployed analog/digital hybrid integrated circuits in electronic
engineering. The internal architecture of the 555 timer comprises a three-resistor
voltage divider (establishing reference threshold potentials at 37 and 3V;¢), two



113

precision analog comparators, an internal RS flip-flop, an inverted output buffer, and
an open-collector/open-drain discharge transistor.

In standard monostable and astable pulse circuit topologies, timing is governed by
the passive charging and discharging of an external condenser through a timing resis-
tor. Because charging through a fixed resistor follows an exponential curve, V;(¢) =
Voo (1 - e_&), the rate of voltage change dd—Vf diminishes exponentially as the con-
denser voltage approaches the upper threshold 7.

To produce perfectly linear voltage ramps—such as those required for precision
sweep generators, pulse-width modulators, and time-base synthesis—the passive
timing resistor is replaced or driven by a constant-current source, such as a PNP
bipolar transistor or a P-channel CMOS FET current mirror. Under constant-
current charging f, the condenser equation , = C % integrates directly into a linear
voltage ramp with a constant slope:

ave _ 1

4
ZCc — V=gt

Furthermore, combining a CMOS 555 timer with external CMOS digital logic el-
ements or unbuffered gates configured as active constant-current drivers or linear
feedback stages allows low-power, high-linear-precision pulse generators to be con-
structed without requiring complex operational amplifier topologies or high-cost test
instrumentation. The ultra-high input impedance of CMOS 555 threshold and trig-
ger inputs (R, > 10" Q) eliminates input bias current loading on the timing con-
denser, ensuring exact slope linearity even at micro-ampere charging currents and
extended timing durations.

Mechanical and Fluid Dynamics Analogies
Op-Amp < Hydraulic Servo- Amplifier with Mechanical Floating Lever

An operational amplifier with negative feedback is similar in structure to a hydraulic
servo-amplifier controlled by a mechanical floating balance lever.

« Inverting and Non-Inverting Inputs: The two ends of a mechanical floating
lever accept input displacement signals.

« Spool Valve Actuation: Pivot deflection drives a high-pressure hydraulic spool
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valve, directing high-pressure fluid to drive a power actuator cylinder.

« Negative Feedback Linkage: A mechanical feedback rod connects the output
cylinder position back to the floating lever, automatically re-centering the spool
valve to null out error displacement and locking output position strictly propor-
tional to input displacement.

555 Timer < Hydraulic Siphon-Governor Pulse Generator

A 555 timer pulse circuit is similar in structure to a dual-switch hydraulic siphon
tank.

and %H

¢« Dual Pressure Switches: Two pressure sensors trigger at %H max:

max

« Flip-Flop Dump Valve: When fluid fills to 2/

max the upper comparator trips

an internal hydraulic flip-flop, opening a large discharge drain. Fluid dumps
out until level drops to 3H,,,,, whereupon the flip-flop resets closed and refill
begins anew.

Formal Postulates and Theorems of Analog Integrated Circuits

Example 21. Theorem: Op-Amp Closed-Loop Gain Stability and Negative Feedback
Desensitization

In an analog integrated circuit governed by the Master Field Equation DF = ], ap-
plying negative feedback with feedback factor g to an amplifier with open-loop gain
Ay, reduces closed-loop gain variation dA4; relative to open-loop variation d4,; by
the exact desensitization factor 1 + 7', where 7" = 4, £, is loop gain:

A dA 1 dA
A = __ ‘oL N CL _ ( OL)
“T1e AorBr Aep 1+dofp\ Ao

Proof:

1. Closed-Loop Transfer Relation: Summing potentials at the differential input
Va=Vin— ﬂfVout gi"es Vout = AOL(Vin - (ngout)'

2. Algebraic Isolation: Factoring V. (1 + 4o fr) = Ao Vi, yields Ag; =
AOL
1+A0Lﬂf‘

v out _
V.

in
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3. Logarithmic Differentiation: Taking natural logs InA4.;, = InA4,, — In(1 +

Ao fy) and differentiating with respect to 4, yields ddey _ ddoy _ Erddor

Ac; — Aor 1+AOL18f -
1 (dAOL>
1+A0L{Bf Aor J*

Worked Example Problems in Analog Integrated Circuits

Problem Statement 1: A non-inverting operational amplifier is designed using an
Op-Amp with open-loop gain 4,,; = 100,000 (100 dB) and Gain-Bandwidth Product
GBW = 10.0 MHz. The feedback network consists of R, = 90 kQ and R; = 10 kQ.
Calculate ideal closed-loop gain A ;4. exact closed-loop gain A¢; . .o gain error
percentage, and closed-loop —3 dB bandwidth f;.

Solution:

1. Ideal Closed-Loop Gain A¢ ;geq:

R
£ 920 kQ
Acridea =1+ - =1+ =

2 = 1+9=10.00 (20 dB
: 07G = L +9=10.00 (20 dB)

2. Feedback Factor §, and Loop Gain 7"

R 10
fgf‘R1+Rf‘10+9o

=0.100

T = Ao, f; = (100,000)(0.100) = 10,000
3. Exact Closed-Loop Gain Ay oy,

Ay 100,000 100,000

Acrexact = 1+ 4o B 1+10,000 10,001

= 9.9990

Gain error is 22922290 x 100% = 0.010%.

4. Closed-Loop Bandwidth f;;:

GBW _ 10.0x 10° Hz

fCL - ACL,ideal - 10.0

=1.00 MHz

Problem Statement 2: A CMOS 555 timer (ICM7555) operating from supply volt-
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age Ve = 5.0 V is configured as a linear ramp pulse generator. The timing condenser
C = 100 nF is charged by an active PNP constant-current source supplying constant
current , = 50.0 zA. Calculate the slope of the linear ramp %, the ramp duration
tramp tequired to charge from Ve to 3V, and the total pulse repetition frequency

fosc assuming rapid discharge time g pqrge = 2.0 ps.

Solution:
1. Ramp Slope ddifz
Ve I, 50.0x107°A

W = 6 = m = SOOOV/SZOSOOV/mS

2. Ramp Voltage Span AV:

2 1 1 oV
AVC = gV'CC - erCC = g%c = ST = 16667V
3. Ramp Charging Duration 7,,,,,:

AV, 1.6667V

= = = . 1_3 = .
amp = 7 /1)~ 5000 Vs - 3333310705 233333 ms

t

4. Pulse Repetition Frequency f,..: Total period T
3.3333 ms + 0.0020 ms = 3.3353 ms.

otal = I ramp T tdischarge =

Fos 1 1
05¢ T Tioral  3.3353x1073s

~299.8 Hz
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Digital Gates, Flip-Flops, and Sequential Logic

This chapter establishes the physics of digital CMOS logic gates, switching dynamics,
power dissipation, bistable flip-flops, sequential registers, synchronous counters, and
finite state machines from first principles, incorporating mechanical analogies, formal
proofs, and worked examples.

Digital CMOS Logic Families and Switching Dynamics

Digital computation relies on complementary MOSFET (CMOS) logic gates execut-
ing binary state transitions.

CMOS Inverter Architecture and Static Power Dissipation

A standard CMOS inverter consists of a P-channel MOSFET pull-up transistor and
an N-channel MOSFET pull-down transistor connected in series between supply
rail 7}, and ground. When input voltage is LOW (V;, = 0), the NMOS is OFF
(Vs < Vip,) and PMOS is ON, pulling output voltage HIGH to V},;,. When input is
HIGH (Vy, = Vpp), the PMOS is OFF and NMOS is ON, pulling output LOW to 0 V.
Because one transistor is strictly OFF in both steady states, static DC leakage current
is near zero (I, ~ 0), resulting in static power dissipation measured in nanowatts.

Dynamic Switching Power Dissipation

During a logic state transition, charge Q = C;V},, is drawn from supply rail /7, to
charge load capacitance C;. Half the drawn energy 3C, V5, is stored in the load ca-
pacitance, while the other half is dissipated as heat in the conducting PMOS chan-
nel. When output transitions LOW, stored capacitance energy is dissipated through
the NMOS channel to ground. For switching frequency f, total dynamic switching
power dissipation is:

den :fCLVDZD

Unbuffered CMOS Grab-Bags as Active Linear Drivers

As noted in Chapter 10, digital CMOS dropout grab-bags (e.g.  4000-series
CD4069UB or 74HC04 unbuffered inverters) can be repurposed as active linear
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amplifiers and constant-current drivers by connecting feedback components to bias
gate inputs mid-way between power rails.

Bistable Storage Elements: Latches and Flip-Flops

Bistable logic elements store a single binary bit using cross-coupled inverter feedback.

SR Latch, D Flip-Flop, and Master-Slave Clocking

« Cross-Coupled NOR SR Latch: Two NOR gates with outputs fed back into
inputs form a bistable latch with stable resting states (Q, Q) = (1,0) or (0, 1).

« Edge-Triggered D Flip-Flop: A master-slave configuration combining two
gated D latches driven by complementary clock signals. Data at input D is

sampled strictly on the rising clock edge, isolating output Q during clock level
holds.

« Timing Constraints: Reliable flip-flop operation requires data to remain stable
for setup time #,,,, prior to clock edge and hold time ¢, 4 following clock edge.

Sequential Logic Networks and Finite State Machines

Sequential logic systems combine flip-flops and combinational logic to execute state
transitions.

« Synchronous Binary Counters: A cascade of T flip-flops driven by a common
clock line, executing state transitions Q,,; = Q, + 1 (mod 2%).

« Mealy and Moore Finite State Machines: Moore machine outputs depend
strictly on current state; Mealy machine outputs depend on both current state
and immediate inputs.

Mechanical and Fluid Dynamics Analogies
CMOS Inverter <> Complementary Hydraulic Push-Pull Valves

A CMOS inverter is similar in structure to a pair of complementary hydraulic valves
driving an actuator cylinder.
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« Upper PMOS Valve <> Normally-Open Hydraulic Valve: Opens when con-
trol rod is relaxed (LOW input), filling actuator cylinder to line pressure B, ,.

« Lower NMOS Valve <> Normally-Closed Drain Valve: Opens when control
rod is pushed (HIGH input), dumping actuator cylinder pressure to drain.

« Zero Static Loss: In both resting positions, one valve is sealed tight, preventing
fluid flow at steady state. Energy is spent strictly during fluid transfer across
state transitions.

Bistable Flip-Flop <> Over-Center Mechanical Spring Toggle

A bistable flip-flop is similar in structure to an over-center mechanical spring toggle

mechanism.

« Bistable Resting States: A spring-loaded linkage rests in one of two stable phys-
ical detent slots (0 or 1).

« Threshold Switching: Pushing the toggle lever past the elevated center barrier
requires applying a finite physical force pulse. Once past the center barrier,
stored spring energy snaps the linkage into the opposite detent slot.

Formal Postulates and Theorems of Digital CMOS Dynamics

Example 22. Theorem: CMOS Switching Power Dissipation and Maximum Dy-
namic Frequency Limit

In a complementary metal-oxide-semiconductor (CMOS) logic circuit governed by
the Master Field Equation DF = J, driving load capacitance C; at switching activity
frequency f from supply potential I, enforces total dynamic energy dissipation per

clock cycle of exactly E. ., = C,Vpp, establishing the exact power scaling relation:

cycle

den ZfCLer)ZD

Proof:

1. Charge Transfer per Transition: Raising output node capacitance C; from 0
to I}, draws total electric charge Q = G}, from the supply terminal.
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2. Total Energy Supply: Energy delivered by the supply source during charging
is Esupply = beDZ.(t)dt =IppQ = CLVDZD

3. Stored vs. Dissipated Energy: Electric field energy stored in capacitive di-
electric is W = 3G, Vj5p. By energy conservation, remaining energy Ej .. =
Eguppty = Wi = 3G Vpp is dissipated as thermal heat in the charging PMOS
channel. Discharging through NMOS dissipates the stored 3 C; /5, Total heat
per full cycle is E,, 4. = C V.

cycle

4. Power Scaling: Multiplying energy per cycle by transition frequency f yields
P dyn = f CLV})ZD [

Worked Example Problems in Digital Logic and CMOS Dynamics

Problem Statement 1: A high-speed digital CMOS clock distribution network oper-
ates at supply voltage V,;, = 3.3V and clock frequency f = 500 MHz. The total ef-
fective capacitive load of all driven gate inputs and interconnect traces is C; = 180 pF.
Calculate total dynamic power dissipation Py, and the thermal heat energy dissi-
pated per second.

Solution:

1. Dynamic Power Dissipation Py,
Pyyn = fGVpp = (500 x 10° Hz) (180 x 107 F) (3.3 V)
Py = (0.090 A) x 10.89 V* = 0.9801 W = 980.1 mW

2. Thermal Heat Dissipation Rate: By first-principles energy conservation, 100%
of electrical power drawn by dynamic capacitive switching converts directly
into thermal phonon heat. The thermal heat dissipation rate is 0.9801]/s =
980.1 mW.

Problem Statement 2: A synchronous 4-bit binary counter constructed from D flip-
flops has a maximum propagation clock-to-Q delay z,, = 1.2 ns, combinational logic
= 0.8 ns. Calculate

and maximum allowable clock frequency f i max-

29
gate delay #1,.;. = 1.8 ns, and flip-flop setup time requirement z.,,,
the minimum clock period 7'y 1in

Solution:
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1. Minimum Clock Period T

clk,min*

T = tog + Hogic T =12ns+18ns+0.8ns=3.8ns

clk,min setup —

2. Maximum Allowable Clock Frequency f i max:

1 1

_ _ ~ 263.16 MH
fclk,max Tclk,min 3.8x107%s 3 z
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Digital Computer Programs Are Electronic Circuits

Digital computer programs are physical electronic circuits. A persistent
misconception—often asserted by advocates of mystical interpretations of physics—
is that software code or algorithmic programs represent abstract, non-physical
“Platonic ideals” detached from physical causality and material contact action.
Critics have sometimes insisted that computer programs could not be considered
empirical experiments that refute flawed physical theories, claiming instead that
software operates in a non-material realm. In reality, a digital computer program
is a specific physical configuration and dynamic state sequence of contact-action
electronic switching circuits executing on physical semiconductor lattices.

When a digital computer program runs, it operates entirely as a physical electrody-
namic experiment governed by the Master Field Equation DF = J. The execution
of instructions causes physical movement of charge currents, charge storage across
capacitive gate oxides, and state switching across billions of physical semiconductor
junction transistors. Running a computer program draws real electric power from an
external power supply, generates ohmic resistive dissipation, radiates thermal heat
into the surrounding environment, performs mechanical and optical work in driving
physical display screens, and propagates electrodynamic wave packets across physical
copper traces, fiber-optic conductors, and wireless channels to transmit data over the
Internet.

To claim that a computer program is a “Platonic ideal” rather than an empirical
contact-action experiment is a category error that ignores the physical hardware
upon which all digital computation resides. When a computer program executes
an algorithm—such as simulating physical field dynamics or running digital
factorizations—it acts as a physical, contact-action electronic circuit executing phys-
ical state transitions. Any empirical outcome produced by running such a program
is the direct physical result of deterministic electrodynamic circuit operations.

Babbage Mechanical Engines and Fluidic Logic Analogies

To eliminate mystical confusion and establish the objective physical nature of soft-
ware execution, digital computation can be viewed through mechanical and fluidic
exemplars.

« Babbage Analytical Engine <> Clockwork Gear Mechanics: Executing an in-
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struction in software is similar in structure to turning the primary drive shaft
of a Babbage mechanical analytical engine. Rotating gears shift metal levers,
drop mechanical pins into gear teeth, and advance counter drums. Software is
not a Platonic ghost; it is the physical spatial displacement of brass gear teeth.

« Pneumatic Fluidic Logic Arrays < Fluid Pulse Routing: In a pneumatic
fluidic computer, software instructions are physical pressure pulses routed
through etched fluid channels, deflecting fluid jets to actuate mechanical
diaphragm switches. Executing a program is pumping fluid through pipes.

Formal Postulates and Theorems of Physical Software Execution

Example 23. Theorem: Physical Equivalence of Digital Software Execution and
Contact-Action Electrodynamic State T'ransitions

In any digital computer architecture executing software instructions under the Mas-
ter Field Equation DF = ], every software state transition maps one-to-one to a phys-
ical contact-action electrodynamic process drawing electric energy E, > 0, generating
thermal dissipation Qy,.,. = [ I°Rdt, and performing physical work 17"

work Oon exter-

nal output transducers.
Proof:

1. Instruction Physical Realization: An instruction in memory consists of local-
ized charge patterns in capacitive floating gates or DRAM condensers.

2. Fetch and Decode State Transition: Clock pulse propagation drives charge
currents across silicon bus lines, altering gate potentials on ALU transistors.

3. Energy Dissipation and Work: By Theorem CMOS Switching Power Dis-
sipation, switching N, logic gates draws physical energy E = N .,..C:Vip-
Ohmic loss dissipates thermal heat Qy.,,, while driving display pixels and net-

work lines performs physical work 7, ,.. Software is material contact-action

physics. [
Worked Example Problems in Physical Computation

Problem Statement 1: A 64-bit CPU executing a computational loop at a clock fre-
quency f = 4.0 GHz draws a supply current / = 25.0 A from a supply rail 1}, = 1.2'V.
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The loop executes for 10 minutes. Calculate total electric energy consumed E,,, to-
tal thermal heat energy dissipated Qy.,., and the mean energy consumed per clock
cycle Ey e

Solution:

1. Total Electric Power P, ,,;:

Ptotal = VZ)D[ = (1-2 V) (25-0 A) =30.0 W

2. Total Electric Energy Consumed E ., in 10 Minutes: Time duration ¢ =
10 minutes = 600 seconds.

Eioral = Protatt = (30.0 W)(600's) = 18,000 J = 18.0 kJ

3. Total Thermal Heat Energy Dissipated Qy.,: By conservation of energy,
100% of electrical energy drawn by internal switching and ohmic conduction
is converted into thermal heat dissipated into the heatsink: Qy,.,, = 18.0 kJ.

4. Mean Energy Consumed per Clock Cycle E,

cycle

_ Ptotal _ 30.0 W
oyele = T F T 40x10° Hz

E =7.50x 107 J = 7.50 nJ /cycle

Problem Statement 2: A server network interface card (NIC) transmits digital data
software packets across a 10-Gigabit Ethernet copper trace of length L = 15 m. The
trace has characteristic impedance Z; = 50 Q and differential voltage swing V', + =
1.0 V. Calculate the physical electrodynamic power P, carried by the Poynting vec-
tor in the dielectric trace during packet transmission and the physical work performed
in driving display monitor pixels emitting 50.0 W' of optical/thermal energy for 1
hour.

Solution:

V,+

2V2

1. Electrodynamic Network Wave Power P,,.: Using RMS voltage V. . =
stk = 0.3536 V:

o Vims _ (0.3536)>  0.1250

et = % 5 s = 0:00250 W = 2.50 mW
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2. Physical Display Work I j;,1,,: Time duration # = 1 hour = 3600 seconds.
W gisplay = Patsplayt = (50.0 W) (3600 5) = 180,000 = 180.0 kJ

This demonstrates that software execution performs objective physical work
on material hardware and external fields.
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Digital Grover Search as a Numerical Iterative Method

This chapter presents a complete, rigorous re-formulation of digital Grover search
within the framework of conventional numerical analysis and numerical linear
algebra, replacing non-physical “quantum” Dirac bra-ket notations, non-material
Hilbert spaces, and wave-function collapse with deterministic matrix-vector power
iterations, real Householder reflections, 2D planar invariant rotations, Chebyshev
polynomial acceleration, Krylov subspace projections, mechanical/fluid dynamics
analogies, formal proofs, and worked numerical examples.

The True Nature of Grover Search: Effective, Observable, Digital,
and Asymptotically Bound

Grover’s algorithm is fundamentally better than acknowledged in academic litera-
ture, because it is an ordinary, completely deterministic numerical iterative method
of Householder reflections and planar rotations operating on real state vectors in Eu-
clidean space. It requires no complex numbers, no non-local interactions, and no
metaphysical wave-function collapse.

However, a rigorous appraisal establishes four foundational principles:

1. Grover’s Algorithm is Much Better than Realized: The algorithm does
not depend on cryogenic dilution refrigerators, superconducting qubits, or
delicate quantum coherence. It can be constructed cleanly in standard room-
temperature silicon using high-frequency linear operational amplifiers or
executed digitally on standard microprocessors using exact integer arithmetic.
The algorithm is structurally equivalent to a classical system of phase-locked
coupled resonators.

2. Continuous Observability and Phase-Lock Verification: In conventional
quantum theory, one is falsely told that inspecting the state before (z/4)VN
iterations destroys the computation through "wave-function collapse.” In the
real world, the state vector evolves deterministically in a two-dimensional
invariant subspace. The system can be probed, sampled, or checked for
phase-lock and amplitude breakout at any iteration without disturbing the
data trajectory. If a target amplitude exceeds a threshold (such as breaking
out past the baseline noise level), the search can be stopped immediately, often
in a fraction of the theoretical iteration count.
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3. Full Digital and Analog Realizability: The algorithm can be implemented ei-
ther digitally using packed integer vectors with SIMD vectorization and par-
allel multicore reductions, or in analog electronics using precision op-amp in-
verters, difference amplifiers, and window comparators.

4. Strict Subordination to Classical Brute-Force Parallel Search: Despite
its mathematical elegance, Grover’s algorithm remains strictly inferior to a
brute-force parallel memory search. In software on sequential computers,
Grover’s method incurs O(NVN) memory operations—thousands of times
worse than a simple linear memory scan. On parallel hardware with N pro-
cessing units (such as Content-Addressable Memory), a classical broadcast
search completes in O(1) gate cycles, whereas Grover search requires O(vVN)
sequential iterations. When physical dimensions, finite storage volume, and
the speed of electromagnetic waves ¢ are accounted for, classical parallel
associative hardware always outperforms Grover search.

Demolition of “Quantum” Mysticism and Reformulation in Classical

Numerical Linear Algebra

In conventional computer science and physics literature, Grover’s search algorithm
is frequently obscured behind the opaque formalism of “quantum computation”—
employing Dirac bra-ket notation (|y)), complex Hilbert spaces, unphysical "super-
position” postulates, and non-deterministic “measurement collapse”. When imple-
mented on a digital computer or executed on physical hardware, however, the algo-
rithm is neither "quantum” nor non-deterministic; it is a strictly classical, determin-
istic numerical iterative method acting on a vector in real Euclidean space RY.

Formulation of Unstructured Database Search

Let S = {0,1,..., N — 1} be an unsorted discrete index set containing N = 2™ elements.
Suppose there exists a unique target record index x™ € S identified by a deterministic
indicator function (or oracle) f : § — {0, 1} such that f(x*) = 1 and f(x) = 0 for all
x # x". In Euclidean vector space terms, the discrete index set § maps to the standard
orthonormal basis {¢y, ¢;, ..., ey_; } € R™Y, where each basis vector ¢_has entry 1 at index
x and zeros elsewhere. Target index x™ corresponds precisely to standard unit basis
vector e,. € RY.
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The search algorithm initializes a uniform real normalized state vector v, € R™:

1
1 1|1

N VN
1

Every coordinate entry of y is initially equal to 1/VN. The Euclidean norm is ||v, |, =

VNN = 1.

Fundamentals of Householder Reflections in Real Vector Spaces

Central to the linear algebraic formulation of digital search is the concept of a House-
holder reflection. Introduced by Alston Scott Householder in 1958, a Householder
transformation is an elementary matrix operator that reflects vectors across a hyper-
plane passing through the origin.

Algebraic and Geometric Definition

Example 24. Theorem: Algebraic and Geometric Properties of Real Householder Re-
flections

Given any unit vector # € R™ with ||, = "« = 1, the Householder reflection matrix

H(u) € RN associated with « is defined by:

H(u) = Iy — 2un’

The matrix operator H (x) satisfies four fundamental mathematical properties:
1. Symmetry: H(x)" = H(x).
2. Orthogonality and Involutory Action: H(x)" H(x) = H(x)* = L.

3. Isometry (Norm and Inner Product Conservation): |H(x)x|, = |x|, for all
x e RY,
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4. Spectral Eigenspace Decomposition: The spectrum of H(x) consists of eigen-
value —1 with multiplicity 1 (eigenvector ) and eigenvalue +1 with multiplicity
N -1 (eigenspace «").

Proof:

1. Symmetry: Transposing H («):

H(u)" = (Iy - 2un”)" = 1]5 — 2(ud")' = Iy = 2ui” = H(n)

2. Orthogonality and Involutory Action: Computing H (x)*:
H(u)* = (hy = 2usd" ) (y — 2un’) = Ly — 4ud® + du(u” u)u”
Since #’ u = 1, this simplifies to:
H(u)? = Iy — 4un’ + 4ud” = I,

Because H(x)" = H(u), orthogonality H ()" H(x) = Iy follows immediately.

3. Isometry: For any vector x € RY:

|H (w)xll3 = (H()x)" (H ()x) = <" H(n)" H()x = 2" fyx = |13

4. Eigenspace Structure: Applying H («) to vector u:
H(u)u = (Iy - 2 Vi = = 2u(i’ u) = u—2u = —u

Thus « is an eigenvector with eigenvalue —1. For any vector y € RN orthogonal
tou (u'y =0):

H(u)y = (Ly - ZuuT)y =y- Zu(uTy) =y

Thus every vector in the (N — 1)-dimensional orthogonal hyperplane #* is an
eigenvector with eigenvalue +1. []
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Geometric Reflection Across Hyperplanes

For any arbitrary vector x € R, applying H(«)x decomposes x into a component
parallel to # and a component orthogonal to #:

x= (' x)u+x, whereu'x =0
Applying H(x):

H(i)x = (by = 2un’ ) (" %) + x,) = (! %)t + x, = 2(u” x)uu = (o x)ue + x,

Thus, H(u) selectively reverses the projection along » while leaving the orthogonal
subspace x, completely untouched. Geometrically, this reflects vector x across the
(N = 1)-dimensional hyperplane orthogonal to .

Detailed Mechanics of the Grover Iteration Operators

The digital Grover iteration is governed by an operator matrix G € RVN formed by
composing two distinct Householder reflection operators:

1. Target Oracle Sign Inversion Matrix R

oracle

The target oracle operator is a Householder reflection associated with the target unit
basis vector « = ¢,.:

T
Roracle = H(Ex*) = ]N - Zex* Cyr

In matrix notation, R is a diagonal matrix where every diagonal entry is +1, ex-

oracle

cept for the x*-th entry on the main diagonal, which is —1:

R = -1

oracle
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Applying R, .. to any vector v € R leaves all non-target coordinates invariant while
negating the target coordinate:
(R =-v., (R

), = v, forallx # x*

oracle? )x* oracle?

2. Inversion About the Mean Matrix R

mean

The mean inversion operator is a Householder reflection across the uniform vector
1

% = v Standard Householder reflection across the hyperplane orthogonal to
vy is Ly — 20501 . To reflect across the line spanned by v, rather than its orthogonal
hyperplane, we negate the reflection:

T T
Rmean = _([N - 2UOZ)O) = 21)000 - [N

Noting that y,v] = (% IN) (% 1]7\;) = +Jw, where Jy is the matrix of all ones, we obtain

the explicit matrix formula:
2
Rmean = ]T]JN - [N

Step-by-Step Arithmetic Mechanics of Inversion About the Mean

To understand how R, ., acts on a state vector v, consider computing the matrix-
vector product v’ = R .,.0: \[ Vi = \left( \left( \frac{2}{N} \mathbf{J} N -1_N \right)
v \right)_i = \frac{2}{N} \sum{j=0}"{N-1} v_j - v_i\] Defining the scalar arithmetic
mean v of all vector components:

—_— U’
J
N 4

1} =
the update rule simplifies to:
/ -
v, =20—v;

This equation reveals the precise numerical mechanism of signal amplification:

1. When v, is equal to the mean v, 20 — v = 4, leaving the entry unchanged.
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2. When the target coordinate v,. has been negated by the oracle (v,. < 0), the
mean o decreases slightly below the non-target baseline.

3. Evaluating 20 — v, = 20 — (=|v,.|) = 20 + |o,.| flips the negative sign back to

positive while adding twice the mean to its magnitude.

4. Meanwhile, non-target entries v, > 0 are updated as 20 — v,; because 20 < v,,
non-target amplitudes decrease. Total energy is conserved while probability
density surges dramatically into the target coordinate.

2D Planar Geometry and Composition of Householder Reflections

A classical theorem in Euclidean geometry states that the product of two reflections
across hyperplanes intersecting at an angle ¢/2 is an exact planar rotation by angle 4
in the 2D plane orthogonal to the intersection of the two hyperplanes.

Construction of the Invariant 2D Orthonormal Subspace

Although state vector v, resides in an N-dimensional real vector space RY, the iter-
ation sequence {y,} remains strictly confined to a 2-dimensional invariant subspace
V.

To construct an orthonormal basis for V;, we select:
1. Target Unit Vector: Standard basis vector ¢,..

2. Normalized Non-Target Vector: Sum of all non-target basis vectors divided
by their norm:

Veritying orthonormality: - |le.|, = 1 and |w], = ‘/ﬁ(]\] - 1) = 1. - Inner product

(6., w) = ¢l.w = 0, establishing mutual orthogonality.
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Decomposing the Initial State Vector y,
. N- .
Initial vector v, = % Zizol ¢ can be written as:

1 N 1 Z 1 N N-1
Uy = ——6 - € = T—6~ 7
\/N \/ﬁ x#EX" \/]T[ N

w

Define geometric step angle ¢ such that:

(AL 5\ [N-1
sm(—) = ‘/T\[ an COsS (2) = T

This allows initial vector v, to be expressed concisely in 2D angle parameterization:

. (6 6 sin(4/2)
vy = sin (z) € + Cos (5) w cos(4)2) V

Exact 2 x 2 Matrix Representation of Operators in 7}
In the basis {e,., w}:
1. Oracle Matrix in V;: Inverts coordinate along ¢.. while leaving w invariant:

-1 0
R

oracle | |72

0 1

2. Mean Matrix in /;: Evaluated using 205f —

sin(8/2)
Rmean|l/2 =2 (511’1(5/2) COS(&/Z)) -
cos(4/2) 0 1

1 0

Using trigonometric double-angle identities 2sin’(8/2) = 1 = =—cosb,
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2cos*(8/2) — 1 = cos 8, and 2 sin(8/2) cos(/2) = sin 6:

—cosf sind
R

mean'V2 =
sind cosf

3. Combined Grover Matrix Product G|, = R canRoracle:

mean

—cosd sind|[-1 0 cosf siné
sind cosd/\0 1 —sinfd cos@

This proves that G|, is an exact, non-singular 2 x 2 real rotation matrix that rotates
any vector in ¥, counterclockwise by angle ¢!

Derivation of Quadratic Speedup O(VN)

Applying G for k consecutive iterations applies the matrix power G*| x

. cos(kf)  sin(k9)

Gy, =

2

—sin(k9) cos(k9)

Applying G* to initial vector v,:

g cos(kf) sin(kd) | [sin(8/2)| |[sin (H5)
¢ ’ —sin(kf) cos(kf)| \cos(4/2) cos( 5

To maximize target amplitude along ¢,., we set the angle argument to 7z /2:

T

(2k + 1)6 T
g

T
P —z g 2k+1=

For large N, small-angle Taylor expansion gives sin(6/2) = 1/YN = 6 =~ 2/JN.
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Substituting ¢:

T T
2k +1 = =—\/]T[ — k=
N2

Optimal integer iteration count is thus:

bopt = E‘/NJ

Whereas classical linear search requires scanning through N/2 items on average
(O(N) complexity), the Householder reflection power iteration rotates the state
vector through 2D space at angular speed 6 = 2/VN, achieving complete target
alignment in O(VN) steps. Quadratic speedup is a purely linear algebraic property of

Householder reflection angles in 2D Euclidean vector subspaces.

Givens Rotation Equivalences and Localized Coordinate-Pair Variants

While the classic Grover search iteration is presented as a pair of global Householder

meanR
span{e,., v,} is identically equal to an elementary 2D Givens rotation.

reflections R the transformation within the 2D invariant subspace V;, =

oracle’

A Givens rotation matrix G(z, 7,6) € R™N rotates a vector in the plane spanned by
coordinate axes 7 and ; through angle ¢, while leaving all other N — 2 coordinates
completely unchanged:

cosf - —sind
G(i,7,0) =

sind - cos@
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1. Planar Givens Formulation in 2D Subspace In the 2D invariant subspace 13,
the composite search operator G| 5, acts as an exact Givens rotation matrix:

cosf sind
G|V; =R(0) =

—sind cosf

where the discrete step angle ¢ satisfies sin(§/2) = 1/VN. Every application of G ro-
tates the state vector towards the target unit axis ¢.. by exact step angle 6.

2. Sparse Decomposed Givens Rotation Variant In high-dimensional digital com-
puting systems, global Householder reflections require calculating all-to-all coordi-
nate reductions to evaluate the mean 7 = & > .. In contrast, the Givens rotation
variant decomposes amplitude diffusion into a sequence or parallel array of localized
2D Givens rotations G(7, 7, 6, J-) operating on disjoint coordinate pairs (7, 7):

M

Gy = H G (4> ji> %)
k=1

3. Computational and Hardware Advantages of Givens Rotations

« Exact Isometry and Numerical Stability: Elementary Givens rotations are
strictly orthogonal matrices (G'G = I). In discrete m-resolution fixed-point
arithmetic, Givens rotations preserve vector norm |[|v|, = 1 strictly across arbi-
trary step counts, eliminating numerical drift and rounding divergence.

+ Zero-Communication Granular Parallelism: Because each Givens rotation
updates only two coordinate registers (v;, v;), operations on disjoint coordinate
pairs execute concurrently without shared-memory lock contention, global
summation barriers, or pipeline stalls.

The Fundamental Duality: Abstract 2D Planar Geometry versus
Physical Memory Search
To understand digital Grover search without mystical obfuscation, one must draw

a sharp, uncompromising distinction between two entirely different computational
activities that are routinely conflated in conventional literature:



137

1. Part (1): The 2D Givens Rotation Angle Calculator: Calculating the theoret-
ical angle parameter § = 2arcsin(y/4//N) and the optimal step count &, =

| VN /M| within a 2D Euclidean subspace.

2. Part (2): The Physical Memory Array Search: Locating a marked data
record, specific numerical key, or empty sentinel slot within an unstructured
array physically residing in hardware memory registers, dynamic RAM, or
solid-state storage.

Once these two activities are examined to see what actually pertains to the compu-
tation and what does not, a stark realization emerges: Part (1) performs zero search
operations upon the physical database. It does not inspect a single memory cell, does
not read a single data word, and does not locate any information. It is purely an
abstract mathematical calculation evaluated over two floating-point numbers (the
space size N and the target multiplicity M).

Furthermore, why can a digital computer not execute Part (1) directly as an iterative
state-vector algorithm to search physical RAM? The answer lies in the catastrophic
operational cost of software state-vector simulation:

« In an unstructured database of N records, if one allocates a state vector of N
coordinate amplitudes v = (v, v}, ..., 1y_;) In computer memory, each oracle
iteration must inspect every memory word to locate target index x™ and negate
its amplitude v. <= —v,.. This inspection requires O(N) discrete memory read
operations.

« Next, the diffusion operator (inversion about the mean) requires summing all
N amplitudes to compute the scalar mean o = Zf:l v;, and then rewriting
every coordinate v; < 20 —v;. This requires another O(XN) memory reads, addi-
tions, and writes.

« Because Grover’s method requires k,p,; ~ ZJN sequential iterations, the total
computational work of a software state-vector simulation is:

T

simulation = kopt ) @(N ) = @(N ‘/ﬁ)

A computational procedure that requires O(N'°) work to search a list of N items is
vastly slower, more energy-intensive, and less efficient than a straightforward classical
sequential scan, which searches the same list in O(N) operations!
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Consequently, on any physical computing device, Part (1) serves exclusively as a
closed-form geometric model that predicts how a fictitious planar state vector would
rotate under idealized Householder reflections. When an actual software engine or
hardware device is tasked with finding an item in memory, Part (2) is executed: and
Part (2) is, in unadorned physical reality, an unrolled brute-force parallel vector
scan!

Physical Limits of Database Search: Finite Propagation Speed ¢ and
Spatial Extent

Conventional expositions of Grover’s algorithm assert that searching an unsorted
database of N elements requires only O(vVN) time steps, whereas any classical algo-
rithm must require O(N) time steps. This assertion is widely touted as an insurmount-
able “quantum supremacy.”

However, this theoretical claim rests upon a severe physical defect: it treats the entire
database and the oracle evaluator as zero-dimensional mathematical points possess-
ing zero spatial extent, between which physical signals propagate at infinite speed.
Once we restore physical geometry, finite spatial dimensions, and the finite speed of
electromagnetic influences ¢ to the analysis, the supposed quadratic acceleration evap-
orates entirely.

The Non-Zero Spatial Extent of Physical Data Storage

A database containing IV discrete items cannot occupy zero space. In physical reality,
each item (whether represented by flip-flops, capacitor charges in DRAM, magnetic
domains, trapped ions, or atomic nuclear states) occupies a finite physical volume
vy > 0.

1. Three-Dimensional Physical Volume: If N discrete storage cells are packed
into a three-dimensional spatial region, the total physical volume satisfies V" >
Nu,. For a spherical or cubical packaging geometry, the physical spatial radius
R;p from the central controller or processing core to the outermost memory
elements scales as the cube root of N:

3\ (30,1
Ryp = (E) S (4_7;)) N3 « N3
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2. Two-Dimensional Planar Substrate: If the memory cells are fabricated on a
planar silicon die, multichip substrate, or printed circuit board, the surface area
satisfies 4 > Na,, where 4, is the finite area per cell. The spatial radius R,p,
scales as the square root of N:

1/2

A 1/2
RzDz(E) 2(4—7:) NY2 « N2

Finite Propagation Velocity of Electromagnetic Influences

No physical influence, signal, or wave can propagate with infinite speed. Electromag-
netic influences propagate at finite speed—in free space at the speed of electromag-
netic waves ¢, and across semiconductor transmission interconnects at propagation
velocity v = ¢/ [e,, which is typically 0.5¢ to 0.7c.

Every step of Grover’s algorithm requires two global operations:

« The Oracle Evaluation: A query signal must travel from the central controller
to the storage location of each element, evaluate whether that element matches
the target, and transmit the result back.

« 'The Diffusion Operator (Inversion About the Mean): The amplitudes across
all N storage locations must be globally coupled or summed to establish the
arithmeticmean s = > v, and the updated mean value must be redistributed
across the entire physical array.

Because the outermost storage elements are situated at distance R from the center,
a single round-trip signal propagation across the database requires a minimum finite
time delay:

2Ryp N3

X
c c

2':;tep, 3D 2

1/2
2Ryp o N
c c

7step, 2D 2

Physical Wall-Clock Duration of Grover Search

Grover’s algorithm is fundamentally a sequential iterative procedure. Iteration & + 1
cannot commence until iteration & has completed its phase inversion and mean dit-
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fusion across all coordinates. Therefore, the total physical elapsed wall-clock time
T Grover 18 the product of the number of sequential iterations k,,; « N 12 and the finite

physical duration of each iteration 7.,

1. In Three-Dimensional Space:

TGrover, 3D ~ kopt : Tstep, 3D & Nl/z ' N1/3 = NS/G = @(NS/G)

2. On a Two-Dimensional Planar Chip:

TGrover, 2D ~ /eopt ’ Tstep, D & Nl/z . N1/2 = ]\[1 = @(N)

This is a profound physical result:

« On a standard two-dimensional planar electronic chip or multichip substrate,
Grover’s algorithm requires O(NN) physical time. The theoretical quadratic
speedup is completely eliminated by the finite propagation speed of elec-
tromagnetic signals. It achieves exactly the same asymptotic scaling as an
ordinary classical linear scan!

« In three-dimensional space, the physical execution time scales as O(NN 516) =
O(N**?), reducing the theoretical N*° speedup to a minor fractional exponent.

Physical Superiority of Classical Associative Parallel Hardware (CAM)

Now consider the alternative: suppose we construct a classical parallel search engine
within the exact same physical spatial volume J « N. Instead of executing an abstract
sequence of rotations, we equip each storage cell with a local 1-word comparator—
an architecture known as Content-Addressable Memory (CAM) or an associative

comparator mesh.
To search for a target key in this classical associative array:

1. Broadcast Phase: The target key is broadcast from the central controller to all
N storage cells via an H-tree distribution network. Because the signal travels
to radius R, the broadcast takes finite propagation time 7,,o,gcast * N> in 3D
(or N'/? in 2D).

2. Local Comparison Phase: Every storage cell compares its local stored word
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against the broadcast key simultaneously in parallel. This is a purely local elec-
trodynamic transition requiring a single gate delay 7,,.. = O(1), takingless than
10 picoseconds in modern silicon.

3. Priority Encoder Response Phase: The match signal travels back through a
balanced binary priority encoder tree of depth log2 N, taking time 7
log N.

encode &

The total physical wall-clock time of the classical parallel search is:
Team,3p = ON' +1ogN) = 6(N')
Team, op = ON'? +logN) = 6(N'/?)
Notice the decisive comparison:
O(N'?) <« 6(N°/®)  (in 3D space)
O(N'?) « 6(N) (ona 2D planar substrate)

When physical dimensions and finite signal velocities are respected, classical parallel
associative hardware is asymptotically faster than Grover’s algorithm in every spa-
tial dimension. Grover’s algorithm appears superior in conventional literature only
because theorists artificially grant the Grover oracle the magical ability to evaluate an
entire spatial volume in O(1) time while penalizing classical hardware with sequential
step—by—step memory access.

Microarchitectural Execution of Memory Search: Innermost Loop

Unrolling and m4 Macro Generation

On modern general-purpose microprocessors, unstructured database searches (such
as scanning table slots, looking up keys, or identifying empty sentinel entries) are exe-
cuted on linear arrays in cache and main memory. To achieve maximum throughput,
the programmer must confront the realities of CPU pipelines, cache line geometries,
and loop structure.
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The Loop Hierarchy: Outer Control versus Innermost Data Traversal

In any structured search implementation—whether traversing partitioned tables,
hash buckets, multi-dimensional matrix blocks, or segmented memory buffers—the
code is organized into a hierarchy of nested loops:

« Outer Loops: Manage coarse-grained iteration across blocks, partitions, mem-
ory pages, or hash buckets.

« The Innermost Loop: Performs the direct, fine-grained element-by-element
or vector-by-vector comparison across contiguous physical memory words.

Why Only the Innermost Loop Needs Unrolling

A critical engineering insight governs the optimization of search loops: virtually 100%
of the execution time, branch evaluations, cache transactions, and arithmetic op-
erations occur exclusively inside the innermost loop.

Consider an unstructured search over N = 1,000,000 words partitioned into 1,000
blocks of 1,000 words each:

« The outer loop executes at most 1,000 times. Its loop control instructions (in-
crementing a block index, testing the boundary, branching) account for fewer
than 0.1% of all executed instructions.

« The innermost loop executes up to 1,000,000 times, performing 1,000,000
memory reads and 1,000,000 key comparisons.

Unrolling the outer loop provides zero measurable performance benefit: it does not
eliminate any memory bus transactions, does not reduce comparator stall cycles, and
merely bloats the binary code size. Conversely, unrolling the innermost loop directly
eliminates hundreds of thousands of branch evaluations, enables contiguous memory
burst reads, and saturates the CPU’s superscalar execution ports. Therefore, in any
search engine, only the innermost loop needs unrolling.

The Fragility of Compiler Loop Unrolling

Contemporary optimizing compilers (such as GCC and Clang under -03 or -
funroll-loops) possess automated loop unrolling heuristics. However, relying on
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the compiler to optimize search loops is deeply unsatisfactory for three structural
reasons:

1. Inability to Handle Outer Loops: Compilers are strictly constrained in loop
nest transformations; they almost never unroll outer loops when bounds are
non-constant or when pointer aliasing cannot be formally disproven at compile
time.

2. Failure on Early-Exit Search Loops: An unstructured search loop is not a sim-
ple definite iteration that runs to a fixed upper limit; it must exit early the in-
stant a matching key or sentinel slot is found. Compilers are notoriously timid
when encountering loops with conditional early-exit breaks (if (array[i]
== target) break;). Their cost models often conclude that generating com-
plex multi-exit epilogues or speculative vector code creates excessive code bloat,
leading the compiler to leave the loop unrolled by a meager factor of 2, or un-
rolled not at all.

3. Suboptimal Vector Alignment and Register Allocation: When the compiler
attempts automatic vectorization on search loops with early exits, it frequently
introduces scalar fallback branches or misjudges the target processor’s vector
execution widths, resulting in pipeline bubbles and branch mispredictions.

Deterministic Code Generation via m4 Macro Processing

To achieve maximum microarchitectural throughput without relying on fragile com-
piler heuristics, the software engineer uses a dedicated macro preprocessor, such as
mé&.

By writing macro templates in m4, loop unrolling is performed deterministically at
source code generation time:

« The m4 macro expands the innermost search loop into an explicit sequence of
straight-line C or assembly statements.

« The programmer specifies the exact unroll factor (e.g., 8-way, 16-way, or 32-
way) to match the physical vector registers and cache line width of the target
architecture.

« For modern 64-bit processors with 512-bit vector capabilities (such as the
AMD Zen 5 architecture featuring dual 512-bit vector execution pipelines),
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each 64-byte cache line holds exactly 8 uintmax_t (64-bit) words.

« An 8-way unrolled innermost loop generated via m4 inspects a complete 512-
bit vector block in a single straight-line pass without backward branch instruc-
tions.

When compiled, this straight-line sequence maps directly to hardware vector compar-
ison instructions (or pipelined superscalar integer comparisons) operating without
loop counter increments, without loop condition evaluations, and without backward
branch mispredictions. Memory reads are streamed at full bus bandwidth (exceed-
ing 50 to 100 GB/s on modern DDR5/LPDDR5 memory channels), checking keys
across tens of thousands of elements in sub-nanosecond intervals per item.

This demonstrates why the practical implementation of search in physical computing
is a deterministic, unrolled brute-force parallel vector scan, completely distinct from
the 2D planar angle rotation modeled in Part (1).

Structured Single-Entry Single-Exit Search Loops and the Generic Ada Sentinel
Architecture for Typesetting

An alternative approach to handling the early-exit dilemma in search loops with-
out relying on fragile compiler break heuristics is the structured elimination of early
exits. By replacing unstructured break statements with unified single-entry, single-
exit loop continuation predicates (e.g. while not found and then probes <
max_probes loop), the software engineer eliminates irregular control-flow graph
(CEG) edges. This structured formulation allows the optimizing compiler to per-
form software pipelining and vector register allocation without generating speculative
early-break recovery code.

In the Ada 2022 implementation of the Iris typesetter, this architecture is formal-
ized in the generic package iris_sentinel_hash (iris_sentinel_hash.ads and
iris_sentinel_hash.adb). The package is completely parameterized to accommo-
date diverse typographic and linguistic tables:

1. Arbitrary Key and Value Types: Parameterized over private types key_type
and value_type, allowing the typesetter to index character codes, composite
glyph pairs, or macro identifiers.

2. Flexible Hash Word Sizes: Parameterized over modular integer types
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type hash_type is mod <>, supporting 16-bit, 32-bit, or 64-bit hash
digests (interfaces.unsigned_16, interfaces.unsigned_32, inter-
faces.unsigned_64).

. Sentinel-Based Unused Slot Identification: Parameterized by sentinel_key
and sentinel_value. Empty slots are identified directly by the sentinel key, al-
lowing open-addressing probe chains to terminate immediately upon encoun-
tering a vacant cell without maintaining auxiliary occupancy bitmasks or heap-
allocated collision chains.

. Hardware-Aligned Vector Block Sizes: Parameterized by block_size (de-
faulting to 8 words, matching 512-bit vector registers and 64-byte cache lines
on architectures such as AMD Zen 5).

. Deterministic Capacity Bounds: Parameterized by max_table_size,
enabling zero-heap static table allocation on the stack or in global data
segments.

. Strict Structured Control and Complexity Compliance: Every subprogram
enforces single-entry, single-exit control flow using while .. loop .. end
loop; exclusively, with modified McCabe cyclomatic complexity strictly
bounded by < 10 and lines bounded by 72 characters.

In typographic processing—where glyph advance widths, left-side bearings, optical

bounding boxes, ligature substitutions, kerning adjustments, and hyphenation pat-

terns are queried millions of times during paragraph formatting—this sentinel-based

block architecture streams table lookups at the hardware memory bus bandwidth.

Physical Mechanical and Fluid Dynamics Analogies

Dual-Gimbal Optical Reflection Analogy

Digital Grover iteration is similar in structure to an optical cavity bounded by two

specialized mirrors:

« Oracle Mirror R

oracle: A planar phase-inversion mirror situated at target posi-

tion x". Light striking slot x™ undergoes a 180" phase shift (-1 multiplier).
« Mean Mirror R,,.: A parabolic focusing mirror aligned with the uniform

beam axis. Light reflecting off this mirror is spatially redistributed across all
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slots relative to mean beam intensity.

« Angular Precession: Bouncing an optical wavefront between these two mir-
rors precesses beam angle by exact increment @ per reflection bounce, gradually
focusing 100% of optical wave energy onto target detector x™.

Hydraulic Manifold Equalization Analogy
Digital Grover search is similar in structure to a hydraulic manifold array:

« Hydraulic Columns: An array of N vertical fluid columns filled to equal head
pressure 5.

¢« Oracle Pulse: A localized suction valve momentarily opens at bottom tap x”,
dropping pressure to —,.

« Equalization Manifold: A high-speed hydraulic valve opens across the mani-
fold, forcing pressure to redistribute according to 2P — P. Fluid inertia surges
out of non-target columns and fills column x™.

Formal Postulates and Theorems of Digital Search Analysis

Example 25. Theorem: Digital Grover Iteration as Householder Reflection Power
Iteration in Real 2D Subspaces

In an unstructured discrete search problem over index set S = {0,1,...,N — 1}, the
Grover iteration operator G= R peanRoracle
Roracle = IN_fo* QZ: and R

strictly invariant. Within 7}, operator G is an exact 2D real rotation matrix with

composed of real Householder reflections
mean = 2000 — Iy leaves the 2D real subspace ¥, = span{e,., v}
step angle § = 2 arcsin(1/VN), achieving maximum alignment with target vector .
in exactly kg = l%\/ﬁ J iterations without complex numbers or non-deterministic
collapse.

Proof:

1. Orthogonality of Operators: By Theorem Properties of Real Householder
Reflections, matrices R, and R ..
nal (R"R = I). Their composition G = R
(GT'G =1).

are symmetric (R’ = R) and orthogo-

R is a real orthogonal matrix

mean- ‘oracle
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2. Subspace Invariance: For any vector « € V;, = span{e,., v}, Ry, € V3 because

Rracle acts only along e.. Similarly, R ... # € V; because R acts only along

mean mean

vy. Thus, I is strictly invariant under G.

3. 2D Rotation Matrix: In orthonormal basis {e,., w}, matrix multiplication ver-
ifies:

cosf sind

—sinf cosd

4. Step Convergence: k-fold application gives angle (2k + 1)8/2. Setting (2k +
1)0/2 =z /2 yields k = 35 - 1 ~ ZJN. Integer truncation gives Ropt = 1ZVN|. O

Example 26. Theorem: Equivalence of Digital Grover Search to Localized Givens
Rotations and Isometric Subspace Transformations

In an unstructured database search over index set S = {0,1,...,N — 1}, the Grover
R
V, = span{e,.,v,} is mathematically equivalent to an exact 2D planar Givens rota-

search iteration operator G = R restricted to the 2D invariant subspace

mean” ‘oracle

cosf sind
tion G|, = with rotation angle § = 2 arcsin(1/VN). Furthermore, G

—sind cos?@
admits an exact factorized decomposition into a sequence of localized 2D Givens rota-
( Mo meg . disio di . .
tions [ [,_, G(4, ji» §) operating on disjoint coordinate pairs, preserving vector norm
[o]l, = 1 strictly across arbitrary discrete step counts.

Proof:

1. Planar Equivalence: In the orthonormal basis {e.,w} for V;, matrix

-1 0
= and

0 1

multiplication of Householder reflections Rg,ely;
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—cosd sind
Rieanly, = yields:
sinf cosé
—cosd sind|[-1 0 cosf siné
G|I/; = Riean | VzRoracle | v = =
sind cosd/\0 1 —sinéd cosd

This is the standard 2D Givens rotation matrix in real Euclidean space R2.

2. Isometry and Norm Preservation: For any Givens matrix G(z, /, 9), the sub-

] ' _ |cosf —sind '
matrix acting on components (v;,v;) is . . Computing the up-
sind cosf

dated sum of squares:

/

Because all other coordinates remain unchanged, |Gv||, = ||v||,. The product of
elementary Givens rotations is therefore strictly isometric. [

Example 27. Theorem: Physical Spatial Bounds, Electromagnetic Propagation Limits,
and Classical Parallel Superiority over State-Vector Search

Let an unstructured database of N discrete records be stored within a physical spatial
domain @ c R? where each storage unit occupies non-zero minimal volume #, > 0,
and let all physical influences propagate at finite speed not exceeding c.

1. Physical Grover Wall-Clock Lower Bound: Any sequential iterative search al-
gorithm requiring £ = Q(vVN) global query and diffusion steps requires physical

elapsed wall-clock time bounded from below by:

=

TGrover = Q(NZ+ )

yielding 7' over, 3p = QN >/%) in three dimensions (d = 3), and T Grover,2D =
Q(N) on a planar substrate (d = 2). The theoretical quadratic speedup is
strictly eliminated on planar microelectronic devices.

2. Classical Parallel Associative Search Superiority: A classical physical hard-
ware architecture employing local comparator units (Content-Addressable

(1)‘)2+(vj)2 = (v, cos f—v; sin 6)*+(v, sin f+v; cos 6)* = v?(cos f+sin” z9)+v} (sin” G+cos? §) = P+

2
Y
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Memory) distributed across the same spatial domain & searches the database
in physical wall-clock time:

yielding Tcapg 3p = O(N 13) in three dimensions, and T am,op = O(N 1/2)
in two dimensions. Classical parallel hardware is strictly asymptotically faster
than state-vector Grover search across all physical dimensions d > 1.

3. Software Simulation Inefficiency: Simulating the N-dimensional state-vector
evolution of Grover search on a classical digital computer requires updating N
coordinate amplitudes across O(VN) iterations, incurring total computational
work O(NVN). This is strictly slower than a direct classical sequential scan
(O(N)) or unrolled vector-parallel memory scan (6(N/P)).

Proof:

1. Spatial Extent and Radius: The total physical volume of the database satisfies
V = [, dV = Nu,. In d Euclidean spatial dimensions, the minimal bounding
radius R enclosing volume ¥/ satisfies V = C,R? > Nuy, where C; = z*/* |T(d [2+
1). Solving for R:

o\ 14 /
R> (—") N4
Cd

2. Finite Propagation Latency: Every Grover iteration requires evaluating an or-
acle function across the dataset and executing amplitude inversion about the
global mean. In any physical realization, information must propagate from the
central controller to the outermost memory units situated at distance R and
return. Because signal velocity is bounded by ¢, the physical round-trip propa-
gation time per iteration satisfies:

2R 2 (0"
Tstep 2 . 2 (—) N

Because Grover’s algorithm is strictly sequential—iteration # + 1 depends

causally on the coherent state generated by iteration k—the total physical
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wall-clock duration is:

kopt 7[‘/_ 2 UO 1/d 1/d 11
TGrover = Z 7'step 2 kopt ’ Tstep 2 (Z N) z Ed N = Q(N2 d)
k=1

Ford=33+3=2 = T Grover, 3D = Q(N°/). Ford = 2, 1+t3=1 =
T Grover,2p = Q). The speedup over classical linear scanning is identically
zero on a planar chip.

3. Associative Hardware Scaling: In a classical Content-Addressable Memory,
the search key is broadcast across the spatial grid via a balanced distribution
tree in time 7y, 4cast = R/¢ & N'/%. Each cell performs a local comparison in a

= O(1). The match signal is collected through a balanced

= O(logN).

single gate delay =

gate
binary priority encoder tree of depth log, N, taking time 7

encode

The total time is T'c spr = O(N'/? + log N). Comparing exponents:

< =+ Vd =1

U=
N =
SR

Specifically, N 13 « N°I® for d = 3,and N'/* < N for d = 2. Classical parallel
hardware in the same physical space strictly dominates Grover search.

4. Simulation Work Complexity: Representing the state vector requires storing
N real amplitudes v,. Evaluating the oracle in software requires testing each
element, requiring O(NN) operations. Computing the arithmetic mean s and
updating each coordinate v; « 24 — v, requires 2N arithmetic operations. For
Ropt = |ZVN] iterations:

Wtotal =k @(N) = @(N‘/N)

opt ’

Because O(NVN) > O(N), simulating state-vector Grover search on digital
hardware is strictly inferior to a classical sequential or vector-parallel scan. [

Worked Example Problems in Digital Search Analysis

Problem Statement 1: Perform a complete step-by-step numerical calculation of the
digital Grover search algorithm for a 4-element database (/N = 4) with target index
x" = 2. Show explicit 4 x 4 Householder matrices R, . and R .., compute initial
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T
state vector v, = (1 /2 1/2 1/2 1 /2) , and demonstrate 100% exact single-step

convergence to target basis vector 6 = (() 0 1 ()) .

Solution:

1. Explicit Matrix Representations for N = 4:
T

Target index is x* = 2. Unit vectors are ¢, = (0 0 1 ()) and
T
vo=(1/2 1/2 1/2 1/2)-

. . _ T,
Oracle reflection matrix Ry, . = L, — 26,6, :

1 0 0 O

01 0 0
Roracle =

00 -1 0

00 0 1

. « _ 2 _ 1 .
Mean reflection matrix R .., = 7J; — 4 = 5J, — L:

-1/2 1/2 1/2 1)2

1/2 -1/2 1/2  1/2
mean —

12 1/2 -1/2 1)2

12 1/2 1/2 -1/2

2. Step la: Oracle Application vy = R,,,..0: Multiplying matrix R, . by initial

oracle
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vector v,:
1 0 0 0}[1/2 1/2
, 01 0 0f|1/2 1/2
UO = =
0 0 -1 0]f1/2 -1/2
00 0 1/\1/2 1/2

3. Step 1b: Arithmetic Mean Computation: Sum of entries in vy: (1/2) + (1/2) +
(-1/2) + (1/2) = 1.0. Mean value: &' = 12 = 025 = 24" = 0.50.

4. Step 1c: Inversion About the Mean v, = R, .,.v,: Evaluating matrix product

R, ean?s OF scalar rule v () = 25" — v (7):

« Entry 0: 5,(0) = 0.50 — 0.50 = 0.0

« Entry 1: 5, (1) = 0.50 — 0.50 = 0.0

« Entry 2: 5,(2) = 0.50 — (=0.50) = 1.0
(3)

« Entry 3: 4,(3) = 0.50 - 0.50 = 0.0

Resulting state vector v,:

—

This proves 100% exact single-step numerical convergence (k = 1) to tar-

get basis vector ¢!

Problem Statement 2: For a 16-element database (N = 16) with target index x™ =
7, calculate optimal iteration count £, and compute complete state vector entries,
mean values, and target probability concentrations for iterations £ = 0, 1,2, 3.

Solution:
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1. Optimal Iteration Count k,,: For N = 16, angle parameter satisfies sin(9/2) =

1/V16 = 025 — 6 = 2arcsin(0.25) ~ 0.50536 rad.

Ropt = E\/I_GJ = |z| = 3 iterations

2. Step-by-Step Numerical State Evolution:

« Initial State (£ = 0): Uniform vector u,(x) = 1/v16 = 0.2500 for all x €
{0, ..., 15}. Target entry v,(7) = 0.2500, non-target entries v,(x) = 0.2500.
Target probability energy B(7) = (0.2500)* = 0.0625 (6.25%).

« Iteration1 (k= 1):
a. Oracle inversion: v(7) = —0.2500, non-targets vy (x) = 0.2500.

b. Mean calculation: &' = w = 330 = 021875 = 20 =

0.4375.
c. Mean inversion:
— Target: v, (7) = 0.4375 — (~0.2500) = 0.6875.
— Non-targets: v, (x) = 0.4375 — 0.2500 = 0.1875.
d. Target probability energy: B, (7) = (0.6875)* = 0.47265625 (47.27%).
« Iteration 2 (k =2):
a. Oracle inversion: 4;(7) = —0.6875, non-targets v; (x) = 0.1875.

b. Mean calculation: 3 = BOISBI0T _ 2135 _ 1358125 — 25’ =

0.265625.
¢. Mean inversion:
— Target: 0,(7) = 0.265625 — (~0.6875) = 0.953125.
— Non-targets: v,(x) = 0.265625 - 0.1875 = 0.078125.
d. Target probability energy: B(7) = (0.953125)* =~ 0.908447 (90.84%).
+ Iteration 3 (k = 3):

a. Oracle inversion: 1,(7) = —0.953125, non-targets ) (x) = 0.078125.
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b. Mean calculation: 7' = 15(0'07812156)_0‘953125 = 0'2116875 =0.013671875 —

20 = 0.02734375.

c. Mean inversion:
— Target: v5(7) = 0.02734375 — (-0.953125) = 0.98046875.
— Non-targets: v;(x) = 0.02734375 — 0.078125 = —0.05078125.

d. Target probability energy: P, (7) = (0.98046875)* =~ 0.9613 (96.13%).

Notice that exact trigonometric angle calculation gives sin(76/2) =
sin(7 x 0.25268) = sin(1.76876 rad) ~ 0.98046875. Target concentra-
tion surges to 96.13% in 3 numerical iterations!

Problem Statement 3: For a 4-element database (N = 4) with target index x* = 2,
construct the exact 2D Givens rotation matrix G|, in the invariant subspace basis
{e, w}. Apply G|, directly to initial state vector v, and demonstrate that 2D Givens
rotation achieves exact 100% target convergence in 1 step, matching the 4 x 4 House-
holder result.

Solution:

1. Angle Parameter and Basis Construction: For N = 4, target index x* = 2.
Orthonormal basis vectors for 2D subspace V; are target unit basis vector ¢, =
T T
(0 0 1 ()) and normalized non-target vector w = ‘/—13 (1 1 0 1) . Angle
parameter satisfies sin(f/2) = 1/V4=1/2 = 0/2=7/6=30" = §=60"=
7 /3 rad.

2. Constructing the 2D Givens Rotation Matrix: Evaluating Givens rotation

matrix entry values for = 60°: cos 8 = cos(60°) = 1/2, sin 6 = sin(60°) = V3 /2.

cosf sind 12 V3/2

—sinéd cosf -3/2 1/2

3. Transforming Initial State Vector in 2D Subspace: Initial state vector v, rep-
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1/2
V3/2 V'

resented in basis {¢,, w} has components: v, = sin(8/2)e,+cos(f/2)w =
Multiplying Givens rotation matrix by initial vector v,:

1/2  J3/2\[ 1/2 (1/4) + (3/4) 1

- 12\ \-wsm @) o)

4. Conclusion: Resulting state vector v; = 1-¢, + 0 - w = ¢,. This proves that the
Givens rotation variant achieves 100% exact single-step convergence to target
basis vector ¢,, identically matching the Householder matrix power iteration!

Real World Implementations of Digital and Analog Grover Search

The following sections incorporate the complete, self-contained reference implemen-
tations for digital microprocessors and room-temperature analog operational ampli-
fier circuits.

1. Digital Vector Processor with Inline Phase-Lock Breakout in Ada 2022

On an AMD Zen 5 or similar high-performance superscalar architecture, Grover’s
algorithm is formulated using packed integer amplitudes, branchless oracle updates,
parallel reductions for the global mean, and continuous monitoring of resonance
breakout.

When the oracle inverts a matching state’s amplitude, each diffusion step amplifies
that state while suppressing all non-matching states. Rather than running the theo-
retical ZVN iterations blindly, the inner loop monitors the updated amplitudes. The
instant an amplitude breaches a pre-set threshold (such as four times the baseline
phase), the loop triggers an immediate breakout. In experimental tests on an array
of 22° = 1,048,576 elements with multiple targets, the match is locked in as few as 2
iterations, consuming mere milliseconds and bypassing hundreds of superfluous iter-
ations.

Package Types Specification (grover_fixed_types.ads)
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pragma ada_2022;
package Grover_Fixed_Types is
type Index_Type is mod 2**20;

type Data_Array is array (Index_Type) of Integer;
type Fixed_Amplitude_Array is array (Index_Type) of Integer;

pragma Pack (Data_Array);
pragma Pack (Fixed_Amplitude_Array);

type Amplitude_Pointer is access all Fixed_Amplitude_Array;
end Grover_Fixed_Types;

Processor Package Specification (grover_fixed_processor.ads)

pragma ada_2022;

with Grover_Fixed_Types; use Grover_Fixed_Types;
with Ada.Real_Time;

package Grover_Fixed_Processor is

procedure Initialize_Amplitudes
(Amplitudes : out Fixed_Amplitude_Array);

procedure Parallel_Oracle_Zen5
(Data : in Data_Array;
Target : in Integer;
Amplitudes : in out Fixed_Amplitude_Array);

procedure Parallel_Diffusion_Zen5
(Amplitudes : in out Fixed_Amplitude_Array;
Match_Found : out Boolean;
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Peak_Index : out Index_Type);

procedure Find_Peak
(Amplitudes : in Fixed_Amplitude_Array;
Peak_Index : out Index_Type);

end Grover_Fixed_Processor;

Processor Package Body (grover_fixed_processor.adb)

pragma ada_2022;

with Ada.Unchecked_Deallocation;

with Ada.Real_Time; use Ada.Real_Time;
with Interfaces; use Interfaces;

with System.Machine_Code;

package body Grover_Fixed_Processor is
Iterations : constant Integer := 804;

function Read_CPU_Cycles return Unsigned_64;
pragma Machine_Attribute (Read_CPU_Cycles, "inline_always");

function Read_CPU_Cycles return Unsigned_64 is
Low, High : Unsigned_32;
Result : Unsigned_64;
begin
System.Machine_Code.Asm
(Template => "rdtsc",
Outputs => (Unsigned_32'Asm_Output ("=a", Low),
Unsigned_32'Asm_Output ("=d", High)),
Volatile => True);
Result := Shift_Left (Unsigned_64 (High), 32) or Unsigned_64 (Low);
return Result;
end Read_CPU_Cycles;



procedure Initialize_Amplitudes
(Amplitudes : out Fixed_Amplitude_Array)
is
Uniform_Fixed_Phase : constant Integer := 64;
begin
parallel for I in Index_Type loop
Amplitudes(I) := Uniform_Fixed_Phase;
end loop;
end Initialize_Amplitudes;

procedure Parallel_Oracle_Zen5
(Data : in Data_Array;
Target :in Integer;
Amplitudes : in out Fixed_Amplitude_Array)
is
begin
-- Branchless sign inversion avoids branch mispredictions
parallel for I in Index_Type loop
Amplitudes(I) := Amplitudes(I) =
(1 - 2 = Boolean'Pos (Data(I) = Target));
end loop;
end Parallel_Oracle_Zen5;

procedure Parallel_Diffusion_Zen5
(Amplitudes : in out Fixed_Amplitude_Array;

Match_Found : out Boolean;
Peak_Index : out Index_Type)
is
Sum_Total : Long_Integer := 0;
Mean : Integer;
N : constant Long_Integer := 1_048_576;
Local_Found : Boolean := False;
Local_Idx : Index_Type := 0;
begin
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-- 1. Parallel reduction to compute the global arithmetic mean
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parallel for I in Index_Type loop
Sum_Total := @ + Long_Integer (Amplitudes(I));
end loop;

Mean := Integer (Sum_Total / N);

-- 2. Inversion about the mean with inline resonance monitoring
parallel for I in Index_Type loop
Amplitudes(I) := (2 * Mean) - Amplitudes(I);
-- When amplitude breaches threshold (256 vs baseline 64),
-- phase-lock is established.
if Abs (Amplitudes(I)) > 256 then

Local_Idx = 1;
Local_Found := True;
end if;
end loop;

Match_Found := Local_Found;
Peak_Index := Local_Idx;
end Parallel_Diffusion_Zen5;

procedure Find_Peak
(Amplitudes : in Fixed_Amplitude_Array;
Peak_Index : out Index_Type)
is
Max_Val : Integer := -1;
begin
Peak_Index := 0;
for I in Index_Type loop
if Abs (Amplitudes(I)) > Max_Val then

Max_Val := Abs (Amplitudes(I));
Peak_Index := I;
end if;
end loop;

end Find_Peak;



end Grover_Fixed

Search Driver (sea

pragma Ada_2022;

with System.Mach
with Grover_Fixe
with Grover_Fixe
with Interfaces;
with Ada.Text_IO
with Ada.Real Ti

procedure Search
type Target_G

function Get_
begin
case Pass
when 1
when
when
when

g B~ W N

when
end case;
end Get_Loop_

Data
Found_Index
Target_Val
Success
Amplitudes
Current_Loop

Start_Cycles
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_Processor;

rch_driver.adb)

ine_Code;

d_Types; use Grover_Fixed_Types;

d_Processor; use Grover_Fixed_Processor;
use Interfaces;

; use Ada.Text_I0;

me; use Ada.Real_Time;

_Driver is
uesses is range 1 .. 5;

Loop_Count (Pass : Target_Guesses) return Integer is

is
=> return 804; -- M =1
=> return 568; -- M =2
=> return 402; -- M = 4
=> return 284; -- M =8
=> return 201; -- M = 16
Count;
Data_Array;
Index_Type;
Integer := 4242;
Boolean := False;

Fixed_Amplitude_Array;
Integer;

Unsigned_64;



End_Cycles
Total_Cycles
Start_Clock
End_Clock
Elapsed_Span
SI_Seconds

: Unsigned_64;
: Unsigned_64;
: Time;

: Time;

: Time_Span;

Duration;
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-n
o]
)
(%]
(0]

Early_Term_Found : Boolean
Early_Term_Index : Index_Type := 0;
Actual_Steps : Integer

1
(o}

function Read_CPU_Cycles return Unsigned_64;
pragma Machine_Attribute (Read_CPU_Cycles, "inline_always");

function Read_CPU_Cycles return Unsigned_64 is
Low, High : Unsigned_32;
Result : Unsigned_64;
begin
System.Machine_Code.Asm
(Template => "rdtsc",
Outputs => (Unsigned_32'Asm_Output ("=a", Low),
Unsigned_32'Asm_Output ("=d", High)),
Volatile => True);
Result := Shift_Left (Unsigned_64 (High), 32) or Unsigned_64 (Low);
return Result;
end Read_CPU_Cycles;

begin
-- Initialize sample data array
for I in Index_Type loop
Data(I) := Integer (I mod 4000);
end loop;

-- Insert targets
Data(1000) := Target_Val;
Data(2000) := Target_Val;



162

Data(3000) := Target_Val;

for Pass in Target_Guesses loop
Initialize_Amplitudes (Amplitudes);
Current_Loop := Get_Loop_Count (Pass);
Early_Term_Found := False;
Actual_Steps = 0;

Start_Clock
Start_Cycles

Clock;
Read_CPU_Cycles;

for Step in 1 .. Current_Loop loop
Actual_Steps := Step;

Parallel_Oracle_Zen5 (Data, Target_Val, Amplitudes);

Parallel_Diffusion_Zen5
(Amplitudes, Early_Term_Found, Early_Term_Index);

-- Immediate classical early breakout upon phase lock
exit when Early_Term_Found;

end loop;

End_Cycles = Read_CPU_Cycles;
Total_Cycles := End_Cycles - Start_Cycles;
End_Clock = Clock;

Elapsed_Span End_Clock - Start_Clock;

if Early_Term_Found then

Found_Index := Early_Term_Index;
else

Find_Peak (Amplitudes, Found_Index);
end if;

if Data(Found_Index) = Target_Val then
Success := True;



SI_Seconds := To_Duration (Elapsed_Span);

Put_Line ("Array size: " &

Integer'Image (Index_Type'Range_Length));

Put_Line ("Match locked at index: " &
Index_Type'Image (Found_Index));

Put_Line ("Pass loop limit: " &
Integer'Image (Current_Loop));

Put_Line ("Actual iterations run: " §
Integer'Image (Actual_Steps));

Put_Line ("Hardware clock cycles consumed:
Unsigned_64'Image (Total_Cycles));

Put_Line ("Approximate time consumed: " &
SI_Seconds'Image & " s");
return;
end if;
end loop;

if not Success then
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Put_Line ("Search bounds exhausted without convergence.");

end if;

end Search_Driver;

2. Room-Temperature Analog Hardware: The Classical Resonance Engine

In academic literature, Grover search is claimed to require exotic cryogenic hardware.

In physical reality, Grover’s algorithm is an analog wave mixing network operating
on AC carrier voltages, completely constructible from off-the-shelf high-frequency

operational ampliﬁers and comparators at room temperature.

Architecture of the 4-State Demonstrator A 2-bit database (N = 2> = 4 states)
is mapped to four concurrent AC voltage signals oscillating at carrier frequency f; =

16 kHz:

1. Superposition as Uniform AC Excitation: A central carrier reference genera-
tor outputs an unshifted reference sine wave Vg ¢ = sin(wr) through unity-gain
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op-amp buffers (TL084 or LM318) across all 4 state channels simultaneously.

2. Oracle as 180" Phase Inversion: The target channel is selected by routing its
AC voltage through an inverting amplifier with equal resistors R, = R, =
10 kQ:

This introduces an exact 7 radian phase shift for the marked coordinate while
non-target channels remain in-phase.

3. Diffusion Mixer as Inversion About the Mean: An inverting summing ampli-
fier continuously sums all four channel voltages through 10 kQ resistors:

Ry

3
Ve = _?Z

3
= V;:

- Vmean

»:-\Ir—‘

7=0 7

A difference amplifier stage subtracts each channel voltage from twice the
mean:

V=21 V.

i mean ~ ¥

Because the target channel was phase-inverted, the mean drops, pushing a mas-
sive feedback current into the target channel. The target channel’s amplitude
spikes while non-target channels suffer destructive interference.

4. Continuous Early Termination via Window Comparator: An envelope de-
tector (diode + filter capacitor) rectifies the AC signal into a DC level. A quad
comparator (LM339) configured as an analog window comparator continu-
ously monitors the envelope. The instant the target voltage spikes above the
high threshold (= 3.0V), the open-collector output trips an interrupt line con-
nected to an Arduino Nano or controller pin, immediately halting the search.
No "collapse” occurs; the waveform is observed in real time without destroying
the state.

Bill of Materials for Analog Demonstrator
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Qty Component Type  Part Number Functional Role
2 High-Speed Quad  TLO84CN or Reference buffers, oracle
Op-Amp LM318 sign-inversion, and diffusion
summing mixer.

1 Quad Comparator LM339N Window comparator for
continuous amplitude
threshold detection.

4 Small Signal 1N4148 Envelope demodulator

Diodes rectifiers for the 4
coordinate channels.

4 Smoothing 10 nF (Ceramic) Envelope filter smoothing

Capacitors capacitors.

16 Precision Resistors 10 kQ (1%) Input matching, inverting
gain, and summing network.

4 Bleed Resistors 100 kO Envelope detector discharge
bleeder resistors.

1 Microcontroller Arduino Nano High-speed hardware

Interface interrupt logger (IN'TO /
Pin D2).

LTspice Netlist (grover_resonance.net)

* Classical Grover Resonance Engine - Stabilized Rail-Clipped Netlist

.OPTIONS plotwinsize=0 numdgt=7 nopage
.PARAM FREQ=15915 RMATCH=10k

* 1. Native Ideal Diode Model
.MODEL D_IDEAL D(Is=1le-14 N=1)

* 2. Save Nodes for Continuous Scope Plotting
.SAVE V(Ref_CLK) V(Node_2 Oracle) V(Mean_Out)

V(Envelope_0)
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* 3. Carrier Signal Reference Generator (1V Peak Sine Wave)
V_Ref Ref_CLK 0 SINE(O® 1 {FREQ})
R_Ref_Load Ref_CLK 0 100k

* 4, State Channel Reference Buffers
E_Buf® Node_0_In 0 Ref_CLK 0 1
E_Bufl Node_1_In 0 Ref_CLK 0 1
E_Buf2 Node_2_In 0 Ref_CLK 0 1
E_Buf3 Node_3_In 0 Ref_CLK 0 1

* 5. Mechanical Oracle Matrix (State 2 Phase Flipped)

E_Inv2 Node_2 Op_Out 0 VALUE={LIMIT(100000 * (0 - V(Node 2_In)), -12, 12)}
R_Inv_In Node_2 In Node 2 Oracle {RMATCH}

R_Inv_Feed Node_2_Op_Out Node_2 Oracle {RMATCH}

* 6. Central Diffusion Summing Mixer (Computes Global Mean)

R_Sum® Node_0_In Sum_Node {RMATCH}

R_Suml Node_1 In Sum_Node {RMATCH}

R_Sum2 Node_2 Oracle Sum_Node {RMATCH}

R_Sum3 Node_3_In Sum_Node {RMATCH}

E_Mixer Mean_Out O VALUE={LIMIT(100000 * (0 - V(Sum_Node)), -12, 12)}
R_Feedback Sum_Node Mean_Out {RMATCH}

* 7. Envelope Demodulator and Peak Detector
D_Det® Node_2 Oracle Envelope_0 D_IDEAL
C_Smooth@® Envelope_0 0 10nF

R_Bleed® Envelope_0 0 100k

.TRAN 0 10m 0 1u

.END

Arduino Nano Hardware Interrupt Interface Script

/*
* The Classical Resonance Engine - Hybrid Controller Interface
* Monitoring Analog Wave Lock via High-Speed Hardware Interrupts
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*/

#tinclude <Arduino.h>

const int TARGET_SELECT_A = 4; // Digital address bit 0
const int TARGET_SELECT_B = 5; // Digital address bit 1
const int INTERRUPT_PIN 2; // Hardware interrupt pin (INTO)

volatile bool resonance_locked = false;
volatile uint32_t stop_time_us = 0;
uint32_t start_time_us = 0;

void ICACHE_RAM_ATTR on_resonance_lock() {
stop_time_us

micros();
resonance_locked = true;

void setup() {
Serial.begin(115200);
while (!Serial) { ; }

pinMode(TARGET_SELECT_A, OUTPUT);
pinMode(TARGET_SELECT_B, OUTPUT);
pinMode (INTERRUPT_PIN, INPUT_PULLUP);

attachInterrupt(digitalPinToInterrupt(INTERRUPT_PIN),
on_resonance_lock, FALLING);

Serlal . prlntln( "—================================================" );
Serial.println(" Analog Grover Resonance Engine Initialized ");
Seria-l_ . println( "——-z=zz=z=z=z=========================================" );

void loop() {
resonance_locked = false;

// Select target coordinate (State 10_2: Bit © = Low, Bit 1 = High)
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digitalWrite(TARGET_SELECT_A, LOW);
digitalWrite(TARGET_SELECT_B, HIGH);
Serial.println("[System] Phase-inversion oracle activated for State 10...");

start_time_us = micros();

// Microcontroller idles while analog op-amps mix carrier waves
while (!'resonance_locked) {
if (micros() - start_time_us > 50000) {
Serial.println("[Error] Resonance threshold timeout.");

break;

if (resonance_locked) {
uint32_t total_execution_time = stop_time_us - start_time_us;
Serial.println( " ------- - oo ");
Serial.println(" -> SUCCESS: Target Coordinate Locked By Analog Waves!");
Serial.print(" -> Real-World Execution Time: ");
Serial.print(total_execution_time);
Serial.println(" microseconds.");
Serial.println( " ------- - oo ");

delay(5000);

4. Analog CMOS Integrated Circuit Die vs. Cryogenic Superconducting Appara-
tus

To expose the staggering practical and conceptual contrast between classical physical
engineering and academic mystification, we compare an Analog CMOS Integrated
Circuit Die directly against the multi-million-dollar cryogenic dilution refrigerators
heralded in contemporary physics literature.
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The Cryogenic Apparatus: Freeze-Dried Hybrid Computing Commercial
and academic implementations of so-called “quantum” computers require enor-
mous, multi-million-dollar dilution refrigerators operating near absolute zero
(= 10 to 15 mK). These massive machines consist of:

« Cascaded helium-3/helium-4 isotope distillation chambers consuming
kilowatts of compressor power.

« Multi-layered gold-plated copper radiation shields and cryogenic vacuum de-
wars suspended from heavy anti-vibration gantries.

« Hundreds of feet of semi-rigid coaxial microwave waveguides with cascaded
cryogenic attenuators, circulators, and high-electron-mobility transistor
(HEMT) amplifiers.

« Room-sized racks of high-speed digital-to-analog converters (DACs),
microwave synthesizers, and FPGA control chassis operating at room tem-
perature, burning kilowatts merely to feed pulsed RF signals into the cold
dewar.

Despite this monumental expenditure of capital and energy, the actual computational
payload consists of a millimeter-scale silicon or sapphire chip hosting superconduct-
ing Josephson junction transmons. The machine cannot even retain its operational
state for more than a few tens of microseconds before thermal phonons and stray
magnetic flux destroy state coherence.

The Room-Temperature Analog CMOS Die Alternative Meanwhile, the entire
algebraic operation of Grover search—state superposition, oracle phase inversion,
arithmetic mean averaging, and subtraction about the mean—can be implemented
on a standard, low-cost silicon integrated circuit die fabricated in mature, inexpensive
planar CMOS processes (such as 180 nm, 130 nm, or even 0.5 um technologies).

Each state channel requires only a tiny cluster of ordinary field-effect transistors:
1. Superposition Distribution:

V::arrier

« A single differential AC carrier line (V|

Carrier? ) routed across the chip

grid.

« Every state cell taps this reference bus through a pair of source-follower
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or unity-gain differential MOSFET buffers. No cryogenics required; the
carrier runs at ordinary room temperature (0°C to 85°C) from a standard
1.8V or 3.3V DC rail.

2. The Oracle Switch (Differential Crossbar):

« Instead of microwave control pulses requiring room-sized arbitrary
waveform generators, phase inversion of the target coordinate is per-
formed by a balanced 4-transistor CMOS transmission-gate crossbar.

« When the cell’s target address line goes high, the crossbar swaps the dif-
ferential lines:

V) > 7))

« 'This executes an exact 180° (7 radian) phase shift at the sub-nanosecond
switching speed of a single silicon transistor gate, without requiring RF
modulation.

3. Passive Kirchhoff Current Summation for the Mean:

« Computing the global arithmetic mean 7

mean does not require an

operational amplifier adder. An array of linear poly-silicon resistors
or matched triode-region MOSFET channel conductances tied to a
common shared metal wire performs Kirchhoff current summation
passively:

N-1 1 N—
ng(V; =V common) =0 = V ommon = N Vi=V
0

=0 i=

—

mean

« The averaging operation occurs naturally across the metal wire at the
speed of electromagnetic propagation across the die.

4. 'The Diffusion Subtraction Stage:

« A basic 5-transistor differential pair per channel takes V" at its non-

mean
inverting gate and the channel voltage V; at its inverting gate, steering a

differential tail current proportional to 27" V.

mean ~ ¥

5. Continuous Threshold Breakout Detection:



171

« A single CMOS dynamic latch or two-transistor regenerative compara-
tor per lane taps the channel envelope.

« When the resonance condition causes the target lane’s voltage to spike
past the baseline noise threshold, the comparator trips, driving an on-
chip flag line low to signal immediate completion.

Direct Architectural and Economic Comparison

Architectural Room-Temperature Analog
Feature Cryogenic "Quantum” Apparatus CMOS Die
Operating =~ 0.015 K (requires liquid helium 300 K (27°C, standard room
Tempera-  dilution refrigerator). temperature).
ture
Cooling Kilowatts of continuous Zero cooling infrastructure
Infras- compressor power, vacuum (standard ambient thermal
tructure pumps, and liquid gas handling. convection).
Physical Multi-ton suspension gantry, A millimeter-scale silicon die
Footprint  ceiling-height dewar, and housed in a standard
multiple 19-inch equipment surface-mount plastic package.
racks.
System $5,000,000 to $15,000,000 per Pennies per die in standard
Cost installation. commercial semiconductor
foundry production.
Physical Superconducting transmons Standard n-channel and
Mecha- susceptible to flux noise, charge p-channel MOSFETS in silicon
nism noise, and quasiparticles. dioxide.
Oracle Microsecond-duration 4-transistor CMOS
Execution microwave RF pulse shaping via transmission-gate swap switching

expensive multichannel DACs.

in sub-nanoseconds.
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Architectural

Feature

Cryogenic "Quantum” Apparatus

Room-Temperature Analog
CMOS Die

State
Coherence
Limit
State
Inspection

Phase-
Lock
Verifica-
tion

50 to 100 microseconds before
total thermal destruction of state.

Destructive projective
measurement requiring
microwave readout resonators
and HEMT amplifiers.

Disallowed by dogma; early
inspection believed to collapse the
computation.

Indefinite continuous operational
stability under continuous DC
power.

Completely non-destructive
continuous voltage probing via
high-impedance CMOS gates or
oscilloscopes.

Built-in continuous threshold
latch enabling instant breakout as
soon as the target amplitude

spikes.

CMOS Die Schematic: Single Channel Unit Cell The complete circuit topology
for one state channel on a standard analog CMOS die requires only 12 to 14 transis-

tors:

[M_N3] (Current Sink Bias)

vDD (+1.8V)
|
tomm - - B il +
| |
[M_P1] [M_P2] (PMOS Active Load)

| |
- - Kmmmm——— Qut ------=----- *
| | |
| [M_N1] [M_N2] (NMOS Diff Pair)
| | |
| V_in --+ +-- 2xV_mean
| | |
[ Fommmm - Ammmmmm————— +
|
|
|
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I GND
|
+--- [Diode-Connected NMOS] ---> Envelope DC Level

|
[CMOS Latch] ---> Breakout Flag

(Oracle Differential Swapper: 4 Transmission-Gate Transistors)

Carrier+ ----[ TGl ]----+----> V_in+
\--[ 762 1--\ /
X
/--[ TG3 1--/ \

Carrier- ----[ TG4 ]----+----> V_in-

This comparison highlights the fundamental clarity of engineering: what has been
sold to the public and funding agencies as esoteric physics requiring freeze-dried trans-
mons and non-local Hilbert spaces is structurally identical to classical analog wave
interference, easily constructed on an ordinary silicon wafer at room temperature.
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What “Quantum” Computers Really Are and How a
Hobbyist Can Make Them at Home

This chapter establishes the physical, mathematical, and practical engineering
reality of so-called “quantum” computers, stripping away commercial media hype,
unphysical Hilbert space mystification, non-deterministic “measurement collapse”,
and multi-world speculations. It proves that state-vector computation is physically
implemented as classical coupled-oscillator networks, multi-mode wave interference
systems, and analog-digital matrix signal processors executing real Euclidean vector
transformations in R*. Furthermore, it provides complete first-principles schemat-
ics, parts lists, tuning procedures, and formal Ada 2022 software routines enabling
any student, engineer, or hobbyist to construct a fully functional 4-qubit to 8-qubit
coupled-oscillator state-vector processor on a desktop workbench using inexpensive
oft-the-shelf electronic components.

Demolition of “Quantum” Computer Hype and the Physical Reality
of State-Vector Engines

In contemporary computer science, physics literature, and commercial media, few
subjects are as blanketed in sensationalized mystification as the domain of “quantum
computing”. Marketing narratives routinely depict multi-billion-dollar cryogenic di-
lution refrigerators as mystical portals harnessing non-material Hilbert spaces, un-
physical “spooky superposition”, non-local action-at-a-distance, and parallel universe
branching. These speculative claims are epistemological artifacts arising from the
Map-Territory Category Error—confusing abstract mathematical formalisms (such
as complex-component state vectors and Dirac bra-ket notations) with the physical
plenum in which we live.l?)

What Marketed “Quantum” Computers Physically Are

When stripped of institutional jargon and speculative metaphysics, every physically
operational “quantum computer” is a physical system of coupled resonators operat-
ing under the Master Field Equation DF = J on discrete physical lattices. Whether
constructed from superconducting Josephson-junction LC circuits, radio-frequency
Paul traps for atomic ions, acoustic surface wave cavities, or optical beam-splitters,
the mechanism is similar:
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. Physical Qubits as 2-State Harmonic Resonators: A physical “qubit” is not
an abstract metaphysical entity existing in multiple universes simultaneously.
It is a physical harmonic or non-linear oscillator possessing two selectable, or-
thogonal wave modes or resonant voltage/phase states (such as charge states,
magnetic flux orientation, or polarization modes).

. Registers as Coupled Normal Mode Arrays: An n-qubit register is physically
a collection of 7 coupled resonators whose combined electromagnetic wave
modes span a 2"-dimensional state space. The state of the register is repre-
sented by a real Euclidean vector » € R* whose coordinate entries v; record
the relative wave amplitudes and phase alignments across all 2" physical nor-
mal modes.

. Superposition as Classical Wave Superposition: The term “superposition”
refers to nothing more than the linear superposition principle of classical
field theory and acoustic wave mechanics—namely, that the total electric
and magnetic field distribution of coupled resonators is the linear sum of its

21
component wave modes: F i1 = 210 Uli

. Entanglement as Structural Mode Coupling: The term “entanglement”
describes the non-separable structural coupling between physical resonators.
When two LC tanks or acoustic cavities are linked by a mutual inductance,
capacitance, or mechanical spring, the resonant frequencies and mode am-
plitudes of the combined system can no longer be factored into independent
single-oscillator modes. This is a standard property of classical coupled
pendulum arrays and electrical wave filters.

. Measurement as Transducer Amplitude Sampling: The non-physical con-
cept of “wave-function collapse” is an artifact of treating probability distribu-
tions as material objects. In objective physical reality, “measurement” is simply
the physical sampling of a wave amplitude or voltage node using an electronic
transducer (such as an ADC, oscilloscope, or LED photo-detector). The fi-
nite duration of the sampling process extracts energy from the resonator mode,
bringing the transducer into equilibrium with the measured channel.



176

The Epistemological Malfunction of Dirac Notation, Newspeak, and the Agnostic
Nature of Mathematics

The extravagant claims surrounding “quantum” computing are not merely market-
ing hype generated by venture capital promoters; they are the direct consequence of
a widespread, contagious cerebral malfunction within the scientific and engineering
communities. This intellectual infection is transmitted and propagated by symbolic
vectors within the overall framework of so-called quantum “theory”—a framework
that is not a genuine theory, but an institutional commitment to avoid doing actual
theoretical physics—vectors that are similar to having a virus that hampers cerebral
activity.

Paul Dirac’s “bra-ket” notation represents one key aspect of this overall symbolic vec-
tor. To understand how this typographical artifice hypnotizes practitioners, let us
perform a simple, rigorous translation from the superfluous Dirac notation back into
the more straightforward notation used by mathematicians and engineers.

Consider the elementary elements of Dirac notation:

1. A “ket” vector |y) is converted directly into a standard column vector v € C":

2. A “bra” vector (¢| is converted directly into a conjugate-transpose row vector
T IxN
u' eC™:

t_ * * *
u (”1 Uy .. uN)

3. Alinear operator or “observable” 4 is converted directly into a standard square
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matrix A € CVN.

a1 4 AN
a a a
21 22 2N
A =
ﬂNl ﬂNZ .ee ﬂNN

Now write the full Dirac notation for a quadratic form or expectation value, (¢|4|y).
Translating this expression into ordinary matrix algebra yields a row matrix times a
square matrix times a column matrix:

ay Ay e an |\ v
a1 4y DN %)
Gldly) — wav=(u w5 . )

Making identical transformations for matrix entries—replacing the physicists’
strange, multi-bracketed matrix elements (7|4|;) with standard indexed matrix
coefficients «;;, and basis kets | ;) with standard Cartesian basis vectors e,—entirely
strips away the mystical aura.

Now consider the abstract “Hilbert space” that a “quantum” computation supposedly
“physically” takes place in. When rewritten using the standard notation of mathemati-
cians and engineers described above, what remains is revealed to be nothing more than
a standard complex-valued tensor space V' = CV equipped with an inner product.

Once written in the clear, unvarnished notation of linear algebra, the famous agnostic
nature of mathematics immediately applies to it. The formal matrix machineryu’Av
is entirely devoid of any specific physical content. The exact same complex-valued
tensor space and matrix operations describe:

« Acoustic wave propagation in multi-cavity architectural halls,

« Coupled electrical oscillations in multi-phase power transmission grids,
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« Financial portfolio variance minimization across correlated stock assets,

« Markov state transition probabilities in telecommunication queueing
networks,

Stress-strain tensor distributions in structural elastic media,

.

Digital signal filtering in multi-antenna radar arrays.

Out of the indefinite number of problem domains to which this mathematical formal-
ism applies, only a vanishingly small fraction have anything whatsoever to do with
atomic micro-physics. There is nothing remotely “spooky”, supernatural, or hyper-
dimensional about it.

A Hilbert space is not a physical material entity, nor is it a physical location where
computations occur. It is best viewed as a formal symbolic system for arranging logi-
cal propositions regarding probability distributions and wave phase alignments. Con-
sequently, Dirac notation should either be abandoned as a source of needless obfusca-
tion or replaced everywhere by standard matrix and vector notation.

The necessity of this replacement becomes obvious when analyzing the structural and
functional similarity between Dirac notation and George Orwell’'s Newspeak. In Or-
well’s Nineteen Eighty-Four, Newspeak was designed not to expand thought, but to
narrow the range of mind, replacing nuanced conceptual awareness with rigid, reified
buzzwords that prevented critical analysis. Dirac notation functions as a mathemat-
ical Newspeak: by wrapping elementary row and column matrix multiplication in
arcane angle brackets and vertical bars, it divorces physicists from recognizing that
they are dealing with standard linear algebra. Instead of seeing a simple system of ma-
trix differential equations acting on voltage or mode amplitudes, practitioners view
symbolic bracket marks as if they are living, breathing physical entities existing on
an esoteric, supernatural plane. This linguistic pathology is one of the crucial root
causes of the delusion that “quantum” computers are anything but a class of hybrid
computer.

Mathematical Mechanics of Coupled Oscillator Arrays and Analog-
Digital State-Vector Processors

To establish how state-vector computation operates without non-material Hilbert
spaces or complex numbers, consider an #-qubit system represented by state vector
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v € R where N = 2”. The vector satisfies the real Euclidean energy normalization

condition |o|5 = ZN_I v? = 1.

i=0 i

Linear Matrix Operators as Physical Circuit Coupling Networks

In a physical coupled-oscillator or analog-digital state-vector processor, elementary
logic gates correspond to linear differential and algebraic coupling operators acting
on voltage channels vy, vy, ..., vy_;:

1. Single-Qubit Rotations (2D Givens Rotations): A single-qubit phase rotation
or state mixing gate acting on coordinate pair (v;, v;) is implemented physically
by an operational-amplifier phase-shift or Givens rotation network:

!/ «

v; cosd sind| |y
/ «

v —sind cosd v

In analog circuitry, this is realized using a pair of precision weighted summing
amplifiers where feedback resistors are selected according to R; = R,/ cos § and
R, = R,/ siné.

2. Hadamard Equalization (Wallis-Hadamard Matrix): The Hadamard trans-

1

5 redistributes wave amplitude equally across two

-1
orthogonal modes. For an N-channel manifold, the N x N Hadamard transfor-

formation H, =

mation Hy = H, ® Hy._, is a symmetric orthogonal matrix that redistributes
signal energy uniformly across all channels using resistor-summing manifolds.

3. Conditional Controlled Gates (CNOT and Oracle Switches): Controlled-
NOT (CNOT) and oracle sign-inversion operations are implemented using
voltage-controlled analog switches (such as CMOS 74HC4051 or 74HC4066
chips). When control signal v; exceeds a calibrated threshold, the switch toggles
the gain of target channel amplifier v, between +1 and -1.
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Field Conservation and Kirchhoff Laws in State-Vector Hardware

By Kirchhoff’s Current Law (KCL) and Conservation of Energy in electric circuits,
the sum of power dissipated and stored across N isolated resonant tanks satisfies:

d (& o, 1.,
a (; (zCUk + lek) =0
=0
When losses are compensated by high-impedance op-amp buffers, the total signal en-
N-1 o . . . . . . .
ergy >.,_, ¥ remains strictly invariant under linear transformations, proving that

analog matrix signal processors preserve state-vector norm ||, = 1 without non-
deterministic decay:.

Complete DIY Design: Building a Functional 4-Qubit Coupled-
Oscillator Computer at Home

Any student, hobbyist, or electronics researcher can construct a fully functional 4-
qubit (16-channel) coupled-oscillator state-vector processor on a desktop workbench
for under $50 USD using standard, readily available electronic components. This
section provides complete schematics, bill of materials, circuit building instructions,
and tuning procedures.

Bill of Materials (BOM)

« Quad Operational Amplifiers: 4x TL074 or NE5532 quad JFET-input low-
noise op-amps (16 op-amp channels total for state buffers and summing junc-
tions).

« Analog Multiplexers: 2x 74HC4051 8-channel analog multiplexer/demultiplexer

ICs (for oracle sign inversion and channel targeting).
« Precision Metal-Film Resistors (1% Tolerance):

- 32x 10.0 kQ 1/4W resistors (for unit-gain buffers and inverting
switches).

— 16x 1414 kQ 1/4W resistors (or 14.0 kQ in series with 140 Q trimmers)
for exact 1/ V2 =~ 0.7071 Hadamard scaling.
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« Trimmer Potentiometers: 4x 10 kQ multi-turn cermet potentiometers (for
DC offset calibration and gain trimming).

« Microcontroller Interface: 1x Raspberry Pi Pico (RP2040), STM32 Nucleo,
or Arduino Uno with 12-bit SPI DAC/ADC or PWM RC low-pass filters.

« Visual LED Output Display: 16x green low-current LEDs with 1 kQ current-
limiting resistors connected to channel voltage outputs to provide real-time
visual display of state vector energy |v;|*.

« Breadboard / Perforated PCB: 2x solderless breadboards or standard 100mm
x 150mm FR4 copper-clad perforated prototyping boards.

Hardware Architecture and Circuit Modules

1. State-Vector Channel Array (16 Channels): The 16 state vector components
Vg» V15 - » g5 correspond to 16 DC voltage nodes operating between —2.5 V and
+2.5V (centered on a virtual ground of 2.5V for single-supply 5V operation,
or true ground for +5 V dual supplies).

2. Oracle Sign Inversion Module (R ): Target selection is performed by rout-

oracle
ing the selected channel x* through a 74HC4051 multiplexer into an inverting
op-amp buffer with gain 4, = -R;/R,, = -10.0kQ/10.0kQ = -1.0. Non-

target channels pass through unity-gain non-inverting buffers (4, = +1.0).

3. Mean Diffusion Manifold Module (R
tion computes the scalar mean voltage o = 1 2350 v; by feeding all 16 channel

mean): A quad op-amp summing junc-

voltages through equal 10 kQ resistors into a virtual-ground summing node
with feedback resistor R, = 10kQ/16 = 625 Q. The output o is buffered and
fed into 16 differential subtraction nodes evaluating v, = 25 — o;.

Calibration and Tuning Procedure

1. Power Supply Stabilization: Apply dual +5.0 V regulated power rails. Verify
that supply voltages remain stable within +10 mV under load.

2. DC Offset Zeroing: Short all 16 channel inputs to ground (0.000 V). Ad-
just offset potentiometers on each TLO74 package until output voltages read
0.000 V £ 0.002 V on a digital multimeter.
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3. Hadamard Gain Trimming: Apply a +1.000 V calibration reference to chan-
nel 0. Adjust the Hadamard gain trimmer until the output summing node
reads exactly +0.707 V (1/v2).

4. Execution Test: Initialize all 16 channels to +0.250 V' (uniform state v,). Trig-
ger a single Grover iteration targeted at channel 7. Observe channel 7 voltage
jump to +0.688 V while non-target channels drop to +0.188 V, matching theo-
retical state-vector values!

Ada 2022 Hardware Control and Emulation Software for the DIY
Engine

The following standalone Ada 2022 program (diy_quantum_engine.adb) manages
both hardware interface DAC/ADC sampling for the physical 4-qubit op-amp mani-
fold and deterministic software state-vector emulation. It is fully compliant with the
Ada 2022 standard, utilizes formal subprogram contracts (with pre => .., post => ...),
enforces strict structured control flow, and restricts line lengths to 72 characters.

pragma ada_2022;
with ada.text_io; use ada.text_io;
with ada.float_text_io; use ada.float_text_io;

procedure diy_quantum_engine is

subtype channel_index is integer range 0 .. 15;
type state_vector is array (channel_index) of float;

procedure initialize_uniform (v : out state_vector)
with post => (for all i in channel_index => v (i) > 0.24)
is
norm_val : constant float := 0.25;
idx : integer := 0;
begin
while idx <= 15 loop
v (idx) := norm_val;
idx := idx + 1;
end loop;
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end initialize_uniform;

procedure apply_oracle
(v : in out state_vector;
target : in channel_index)
with pre => target in channel_index,
post => v (target) < 0.0
is
begin
v (target) := -v (target);
end apply_oracle;

procedure apply_mean_diffusion (v : in out state_vector) is
sum_val : float := 0.0;

mean_val : float := 0.0;
idx : integer := 0;
begin

while idx <= 15 loop
sum_val := sum_val + v (idx);
idx := idx + 1;

end loop;

mean_val := sum_val / 16.0;

idx := 0;

while idx <= 15 loop
v (idx) := (2.0 * mean_val) - v (idx);
idx := idx + 1;
end loop;
end apply_mean_diffusion;

v_state : state_vector;

target : constant channel_index := 7;
iter : integer := 0;
i : integer := 0;

begin

initialize_uniform (v_state);
while iter < 3 loop
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apply_oracle (v_state, target);
apply_mean_diffusion (v_state);

iter := iter + 1;
end loop;
put_line ("=== diy coupled-oscillator 4-qubit search result ===");

while i <= 15 loop
put ("channel ");
put (i, width => 2);
put (" voltage: ");
put (v_state (i), fore => 1, aft => 4, exp => 0);
new_line;
i:=1 + 1;

end loop;

end diy_quantum_engine;

Formal Postulates and Theorems of Classical State-Vector Comput-
ing

Example 28. Theorem: Physical Equivalence of Quantum Computing to Classical
Coupled Oscillators

Any discrete n-qubit “quantum” algorithm composed of a sequence of M unitary gate
transformations acting on an initial state vector o, € C*" is mathematically and phys-
ically equivalent to a system of N = 2"*! real coupled classical harmonic oscillators
(or analog voltage channels) undergoing real orthogonal matrix transformations in
Euclidean space R>"" under the Master Field Equation DF = J.

Proof:
1. Real Vector Decomposition: Any complex state vector v € C* decomposes

uniquely into real and imaginary vector components v = x+1iy, where x, y € R%.

X n+
Defining stacked real vector w = e R? 1, complex Euclidean norm satisfies
)
2 2, 2 2
loll; = > (o, +9;) = lwl.

2. Unitary to Real Orthogonal Mapping: Any complex unitary operator U = A+
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nn A _B
iB € C*** satisfies U'U = I. Mapping U to block real matrix R, = €
B 4

n+l qn+l . . . . . .
R* 2" preserves matrix multiplication and yields R},R; = Ly1. Thus, Ry is a

real orthogonal matrix.

3. Physical Realization: The real orthogonal matrix R;, maps directly to a lin-
ear coupling network of 2”*! physical classical resonators or op-amp summing
channels. No complex numbers, Hilbert spaces, or non-material physics are

required. []

Example 29. Theorem: Hobbyist State-Vector Scalability and Signal-to-Noise Ratio
Invariance Theorem

For a DIY coupled-oscillator state-vector processor with N = 2” state channels oper-
ating at multiscale resolution m-res aperture precision d,, the minimum channel volt-
age dynamic range required to distinguish target signal amplification from baseline
noise scales as 0(27"/2). A desktop analog-digital processor operating with channel

noise floor V, ;.. < Vyep/2"'? achieves 100% exact algorithm convergence.

noise

Proof:

1. Initial Uniform Amplitude: For an n-qubit register initialized to uniform state
v, each coordinate amplitude is 2,(z) = 1/VN = 1/2"2.

2. Oracle Contrast: Oracle sign inversion flips the target coordinate from +1/ 2"/?
to—1/2"2, producing a differential step size AV =2/ 212,

3. Noise Floor Condition: To prevent channel noise from corrupting oracle sign
inversion, the noise floor voltage must satisfy V., < AV/2 = 1/2"/% For a

4-qubit system (n = 4), 1/2* = 0.250 V on a 1V scale, which is easily achieved

by standard op-amps with sub-millivolt noise floors. []

Worked Example Problems in DIY Coupled-Oscillator Quantum
Emulation
Problem Statement 1: Perform an exact step-by-step circuit analysis of a 2-qubit

(4-channel, N = 4) Deutsch-Jozsa algorithm executed on an op-amp matrix proces-
sor. Evaluate node voltages for both a constant oracle £, (x) = 0 and a balanced ora-
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cle ,(x) = x,. Demonstrate that the decision channel output voltage yields exactly
0.000 V for constant functions and 2.500 V for balanced functions.

Solution:
1. Circuit Setup for 2-Qubit System: Channels correspond to 4 state voltages

v = (1,00 o1 yo 011) . Reference supply voltage is 7 = 2.500 V. Initial
T
Hadamard state is ¢, = (1.250 1.250 1.250 1.250) V.

2. Case A: Constant Oracle f;(x) = 0: Oracle leaves all channel voltages un-

T
changed: o' = v, = (1.250 1.250 1.250 1.250) . Applying final Hadamard

transformation matrix H, = H, ® H,:

2.500
0.000
0.000

0.000

Query decision channel 1 reads v,,,,(1) = 0.000 V, proving function is constant!

3. Case B: Balanced Oracle f,(x) = x,: Oracle flips sign on channels where x, = 1
(channels 1 and 3):

T
0’2(1.250 -1.250 1.250 —1.250) \4

Applying final Hadamard transformation matrix H,:

0.000
2.500
0.000

0.000

Query decision channel 1 reads v,,(1) = 2.500 V, proving function is balanced!
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Problem Statement 2: For a 3-qubit (8-channel, N = 8) Grover search executed

on a DIY coupled-oscillator circuit with target index x* = 5 and reference voltage

V3 = 1.000 V, calculate channel voltages, mean summing amplifier node voltages, and

LED output power levels for iterations # = 0, 1, 2.

Solution:

1. Initial Uniform State (£ = 0): All 8 channels initialized to u,(¢) = V,/V8 =
1.000/2.8284 = 0.3536 V. Mean voltage: 5, = 0.3536 V. LED power across 1
kQ resistor: Py = (0.3536)>/1000 = 0.125 mW.

2. Iteration1 (k= 1):

.

Oracle flips target channel 5: vy(5) = —0.3536 V; non-targets remain
+0.3536 V.

. . - 7(0.3536)-0.3536
Summing amplifier node evaluates mean: o = + =

02652V = 29, = 0.5303 V.

Differential output nodes:
— Target channel 5: v,(5) = 0.5303 — (-0.3536) = 0.8839 V.
— Non-target channels: v; () = 0.5303 — 0.3536 = 0.1768 V.

Target LED power: P,(5) = (0.8839)>/1000 = 0.781 mW (6.25x brighter
than non-target LEDs!).

3. Iteration 2 (k =2):

.

Oracle flips target channel 5: v;(5) = —0.8839 V; non-targets remain
+0.1768 V.

Mean voltage: v, = w =0.0442V — 20, = 0.0884 V.
Differential output nodes:

— Target channel 5: ,(5) = 0.0884 — (-0.8839) = 0.9723 V.

— Non-target channels: v,(7) = 0.0884 — 0.1768 = —0.0884 V..

Target voltage energy concentration: (0.9723)* = 0.9453 (94.53% energy
concentrated in target channel 5!). Target LED shines brightly while non-
target LEDs dim to near zero.
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Canonical State-Vector Algorithms: Classical Numerical

Mechanics, Linear Algebra, and Alternative Rotational
Methods

Demystification of “Quantum” Algorithms as Classical State-Vector
Linear Algebra

Throughout popular computing literature, algorithms such as Grover’s database
search, Shor’s integer factorization, and Simon’s periodicity solver are routinely
enveloped in metaphysical mystique. They are portrayed as harnessing “parallel
universes,” “superposition of reality,” or magical non-material physics.

In the Iris Number System, this entire vocabulary is recognized as empty terminol-
ogy. A “quantum algorithm” is nothing more and nothing less than a determinis-
tic sequence of real orthogonal matrix transformations (rotations and reflections)
and discrete spectral transformations (Fourier and Walsh-Hadamard filters) acting
upon a normalized state-vector:

N-1

veRY, |v3=> =1

i
=0

on the discrete spatial grid €.

Under Jaynesian probability theory and Maximum Entropy (MaxEnt), the squared
coordinates p, = v represent our rational state of knowledge regarding the discrete
index 7 of the system. The time evolution of the state-vector is governed by local
contact interactions satisfying the Master Field Equation DF = /. Every canonical
algorithm in the literature reduces directly to classical numerical linear algebra, wave-
packet interference, and discrete harmonic analysis.

Summary of Grover Search and Generalized Numerical Variants
Summary of Classical Grover Iteration

As established in earlier chapters, Grover’s unstructured search algorithm is an iter-
ative numerical power method operating in an invariant two-dimensional subspace
V, = span(e,.,V,) (written in Dirac Newspeak notation as span(|x*), |s)) ), where Dirac
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ket |x*) denotes the target standard basis coordinate vector e.. € R™ and ket |s) de-
notes the initial uniform state vector v,. The algorithm initializes a uniform state-
vector:

53
VO = —— Ci
\/N =0

and applies repeated composite reflection operators G = R, Ry acle:

1. Target Oracle Reflection: A Householder reflection across the hyperplane or-
thogonal to the target index vector e,.:

Roacte = I = 2e.€l.

oracle
which negates the target coordinate amplitude v,. + —v,. while leaving all other
coordinates unaltered.

2. Inversion About the Mean: A Householder reflection across the initial uni-
form state-vector v,

R =2vyvg 1

mean

. . . _ N-1
which computes the arithmetic mean s = 5 > ." " v, and updates each channel

amplitude according to:

v; = 20—,

In the 2D planar subspace, the composite operator G executes an exact planar rota-
tion by angle § = 2arcsin(1/ IN ). By the time kopt = %’\/ﬁ iterations have been ex-
ecuted, the state-vector has reached maximal alignment with the target coordinate,
concentrating over 95% of the total field energy into the target channel (such that,
under Jaynesian probability theory, register sampling or threshold detection identi-
fies the target index with near certainty).
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Alternative Numerical Implementations: Householder Reflections vs. Givens Ro-
tations

While standard textbook presentations formulate Grover’s aloorithm using dense

p g g
global Householder reflections, numerical linear algebra provides multiple alternative
formulation methods:

1. Sparse Givens Rotations: The global reflection operator R,.,, = 2v,vi — I is
a dense N x N matrix that requires an all-to-all summing bus to calculate the
global mean 4. In physical hardware (such as analog op-amp grids or discrete
systolic arrays), this central summing junction can introduce parasitic capac-
itance and routing congestion. + An exact numerical alternative is to replace
global Householder reflections with a sequence of localized, sparse Givens ro-

tations G(z, 7, 9):

1 0 0 0

0 - cosf - =—sind - 0
G(,7,0) =

0 - sinfd - cosfd - 0

0 0 0 1

Because any orthogonal transformation can be factored into at most w

plane rotations, the Grover step can be executed entirely via nearest-neighbor
pairwise coordinate rotations. This eliminates the central summing node and
allows local contact interactions across adjacent circuit channels.

2. CORDIC Arithmetic (Coordinate Rotation Digital Computer): In digital
hardware and micro-controllers, computing trigonometric functions (sin ¥,
cos #) and multiplications can be computationally expensive. The CORDIC
algorithm decomposes each Givens rotation into a sequence of binary shift-
and-add operations using elementary angles «,, = arctan(2™”). This allows
exact state-vector rotations to be performed on integer and fixed-point Iris
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grids without dedicated hardware multipliers.

3. Chebyshev Spectral Filtering: Grover iteration is fundamentally a special case
of optimal polynomial approximation. By applying an interleaved sequence of
parameterized 2D phase rotations ¢ = (¢;,¢,, ..., ;) and operator reflections,
the composite operator transforms the system matrix spectrum according to
an optimal minimax Chebyshev polynomial 7;(x). While contemporary liter-
ature frequently terms this method “quantum signal processing,” we designate
and formulate it more accurately as Chebyshev spectral filtering. This purely
classical polynomial matrix technique allows arbitrary spectral shaping, opti-
mal Hamiltonian simulation, and matrix inversion with minimal ripple and
optimal minimax convergence bounds.

Fastest Parallel Digital Implementation of State-Vector Search

To execute state-vector search on digital hardware with maximum throughput, one
must distinguish between two fundamentally distinct computational paradigms:

1. Hardware-Emulated State-Vector Systolic Arrays: When dedicated process-
ing elements (PEs) physically store coordinate amplitudes v;, a Tree-Pipelined
SIMD Systolic Array executes the abstract Householder reflections:

« Processing Architecture: An array of N elementary integer or fixed-
point arithmetic PEs, each storing a single coordinate amplitude v, inlocal
registers.

« Parallel Oracle Step: In a single clock cycle, the target index x* is decoded
across the PE array, flipping the sign bit of the target register (v,. < —uv,.)
with zero communication overhead.

« Pipelined Binary Adder Tree for Global Inversion: To perform inver-
sion about the mean without bus contention, the PEs feed a binary adder
tree of depth log, N. The tree computes the sum § = Zf.:l v, in log, N
pipelined clock cycles. A single bit-shift calculates the scaled mean 2o =
28 /N, which is broadcast back along a balanced binary distribution tree.
Each PE then computes v; < 2 — v, in parallel during a single clock cycle.

« Linear Systolic Mesh Alternative: For ultra-large grids where global dis-
tribution wires introduce RC propagation delays, the PEs are arranged in
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a 1D or 2D mesh communicating strictly via nearest-neighbor contact.
Pairwise Givens rotations rotate adjacent channels concurrently in an
odd-even transposition pattern, achieving continuous pipelined through-
put with zero global broadcast lines.

2. The Physical Reality of Searching Digital Computer Memory: When an
application running on general-purpose digital hardware (such as a CPU
or GPU) must search an unstructured array in physical memory (RAM
or cache), software simulation of the state-vector Grover algorithm is
catastrophically inefficient. Storing N amplitudes in memory requires O(N)
read-modify-write operations per iteration; over O(VN) iterations, this incurs
O(NVN) total operations—vastly worse than a simple classical linear scan of
O(N).

Therefore, actual physical memory search on digital processors is, in un-
adorned physical fact, a brute-force parallel vector scan. The 2D Givens
rotation equations serve purely as an abstract geometric calculation of the

planar angle ¢ and step count k,,,, performing zero work on memory cells.

opt’
They are a complete waste of time.

Though Grover’s algorithm is interesting, in the way a tavern puzzle or
Spirograph is interesting, it also is useless. One should instead parallelize a
linear search, because a brute-force parallel search is what Grover’s algorithm
becomes when optimized for the real world. Intuition should have told us so.
For the Grover’s algorithm oracle is by itself a detector of the solution! Only
“quantum” dogma stops us using that solution directly. Once we recognize
“quantum” dogma as claptrap, we see only the oracle needs to be implemented.
The rest of the circuitry can be discarded.

3. Microarchitectural Execution via Innermost Loop Unrolling and m4 Macro
Generation:

« Loop Hierarchy: Memory searches operate on nested loops (outer loops
iterating over partitions, hash buckets, or pages; the innermost loop
traversing contiguous memory words).

« Why Only the Innermost Loop Needs Unrolling: Outer loops step infre-
quently (e.g. once every thousands of iterations), contributing less than
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0.1% of instructions. Virtually 100% of memory bus traffic, ALU compar-
isons, and pipeline stall cycles occur inside the innermost loop. Unrolling
outer loops provides zero benefit and bloats the instruction cache; only
the innermost loop requires unrolling.

« Compiler Unrolling Fragility: Optimizing compilers (such as GCC and
Clang) can only unroll innermost loops, but their heuristics routinely fail
on search loops because the loop must exit early upon finding the target
(if (array[i] == target) break;). Compilers often disable unrolling
entirely or select a meager factor of 2.

+ Deterministic m4 Macro Generation: By writing m4 macro tem-
plates, the innermost search loop is deterministically unrolled at
code-generation time into straight-line comparison instructions. Match-
ing the physical vector width of modern architectures (such as AMD
Zen 5 with dual 512-bit vector execution pipelines), an 8-way unrolled
block evaluates 8 uintmax_t (64-bit) words (a complete 64-byte cache
line) in a single straight-line vector pass without backward branches.
This saturates memory bus bandwidth (50 to 100+ GB/s), locating keys
or empty sentinel slots (GIVENS_KEY_UNUSED) in sub-nanosecond time
per entry.

4. Physical Propagation Bounds and Classical CAM Dominance: As proven
in Theorem Physical Spatial Bounds, Electromagnetic Propagation Limits,
and Classical Parallel Superiority over State-Vector Search, once finite
spatial dimensions (R « N'/*in 3D, R « N'? in 2D) and the finite speed
of electromagnetic influences ¢ are accounted for, Grover’s algorithm takes
O(N°/®) physical time in 3D and O(N) on a planar chip—completely eliminat-
ing the quadratic speedup. Meanwhile, classical parallel associative hardware
(Content-Addressable Memory) in the exact same physical space completes
the search in O(N'?) in 3D and O(N'?) in 2D, strictly outperforming
Grover’s algorithm in every physical spatial dimension.
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Shor’s Algorithm: Integer Factorization via Discrete Spectral Order-
Finding
Reduction of Factorization to Modular Order-Finding

Shor’s algorithm is universally cited as an existential threat to RSA public-key cryp-
tography. In truth, Shor’s algorithm is not a mystical factorization machine; it is
a classical number-theoretic reduction of integer factorization to modular order-
finding, solved via discrete spectral analysis (the Discrete Fourier Transform).

Let N = p- g be a composite integer to be factored. The algorithm proceeds as follows:

1. Coprime Selection: Choose a random integer 2 such that 1 < 2 < N. Compute
the greatest common divisor ged(a, N) using Euclid’s algorithm on grid €. If
ged(a, N) > 1, a non-trivial factor is already found.

2. Periodic Modular Exponentiation: If ged(a, N) = 1, consider the discrete
modular exponentiation sequence:

fx)=a* (modN), x=0,1,2,..

By Euler’s totient theorem, the sequence f'(x) is strictly periodic on the discrete
integer grid. The smallest positive integer » such that:

a' =1 (mod N)

is called the order (or period) of 2 modulo N.

3. Algebraic Factor Extraction: If the period r is even, we can factor the congru-
ence:

d-1=(a"-1)(2”+1)=0 (mod N)
Provided that #//* # =1 (mod N), atleast one of the greatest common divisors:
p=gecd (ar/z - l,N), g =ged (a’/z + 1,N)

yields a non-trivial prime factor of N.



195

Discrete Fourier Spectral Analysis and the Conventional “Quantum Fourier
Transform” (QFT)

The computational challenge in conventional number theory is that finding the pe-
riod r by sequential modular evaluation requires checking up to O(N) candidate val-
ues. In quantum computation literature, this bottleneck is addressed using what is
termed the Quantum Fourier Transform (QFT). In rigorous numerical linear al-
gebra and applied mathematics, the QFT is identically the classical Discrete Fourier
Transform (DFT) acting directly on the coordinate amplitudes of an A/-dimensional
state-vector.

Shor’s algorithm executes this spectral analysis by preparing a uniform state-vector
over an evaluation register of size M = 2” (where N> < M < 2N?), evaluating
the modular exponentiation f(x) = 4° (mod N), and applying the unitary Discrete
Fourier Transform (DFT / QFT):

1 1M1 B 27l
<] i G = eXP (57)

FM:TM’

In the Iris Number System, the DFT is an orthogonal change of basis from the time-
index coordinate frame to the discrete frequency (spectral) coordinate frame. Be-
cause the state-vector carries periodic spikes with spatial period », wave interference
causes complete destructive cancellation at all non-harmonic frequencies and con-
structive reinforcement at the exact spectral peal(s:

M
R N

Period Extraction via Continued Fractions

Once a spectral peak index # is measured, the rational ratio Aﬁ/[ serves as an approx-
imation to ;. Applying the Continued Fraction Expansion algorithm on grid €y
produces the unique irreducible fraction ; with denominator » < N in polynomial

time O((log N)?).

Fastest Parallel Digital Implementation of Modular Order-Finding

To execute modular order-finding at maximum hardware speeds without non-
physical quantum apparatus, we implement a Carry-Save Montgomery Exponenti-
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ation Pipeline coupled to a Parallel Number-Theoretic Transform (N'TT):

« Pipelined Montgomery Modular Multiplication: Standard modular division
X (mod N) requires slow iterative quotient estimation. We replace division
with a 2D systolic array of Montgomery multipliers in carry-save arithmetic.
Carry propagation is completely eliminated from the critical path: partial sums
and carry vectors ripple through adjacent 1-bit full adders in parallel, achieving
a constant clock cycle time independent of word length » = log, N

« Parallel Number-Theoretic Transform (NTT'): In dlgltal floating-point im-
plementations of the DFT, trigonometric coefficients a/ introduce rounding
error and expensive transcendental function evaluatlons. In our digital imple-
mentation on grid €y, we replace the complex Fourier matrix with an exact
Number-Theoretic Transform (N'TT') over a Fermat or Mersenne finite field
E. A fully pipelined Radix-4 butterfly network processes the A-point state
array in % log2 M parallel stages using only integer additions and bit-shifts, de-
livering exact integer spectral peaks with zero floating-point noise.

« Parallel Lehmer-Euclid Continued Fraction Unit: Once the dominant spec-
tral peak  is identified, a pipelined Lehmer-Euclid GCD unit evaluates the con-
tinued fraction convergents in O(log N) clock cycles, extracting period » and
the non-trivial prime factors p and 4.

Simon’s Algorithm and the Abelian Hidden Subgroup Problem
Problem Formulation

Simon’s algorithm was the direct mathematical precursor that inspired Shor’s
period-finding method. It addresses the Hidden Subgroup Problem over the
discrete Boolean group ({0,1}", ®).

Let f: {0, 1}" — {0, 1}" be a black-box function guaranteed to satisfy the two-to-one
periodicity condition with respect to a secret non-zero bitmask s € {0, 1}":

f(x) = F(y) = x@ye{0,s}

The objective is to determine the secret string s with a minimal number of function
queries.
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Walsh-Hadamard Spectral Interference

Classically, solving this problem requires querying f(x) until a collision f(x) = f(y) is
found, which by the birthday paradox requires Q(2"/?) evaluations.

Simon’s algorithm executes in O () evaluations using the Walsh-Hadamard Trans-
form H®". The n-fold Hadamard matrix is the Kronecker / tensor product of 7 ele-
mentary 2 x 2 reflection matrices:

‘/El—l

Acting on a standard Cartesian basis coordinate vector e, (expressed in Dirac
Newspeak notation as state ket |x)), the 2" x 2" Walsh-Hadamard matrix H*"
produces:

x- . . n 1 X
Z (-1)"Ye, |in Dirac Newspeak: H®|x) = P Z (-1)*y)
ye{0,1}” ye{0,1}”

wherex -y =Y x5 (mod 2)is the standard Boolean inner product.

When the Hadamard matrix is applied to the two-point coordinate sum v = ‘/ii (ey, +
€,,es) (expressed in Dirac notation as state vector |y) = % (1xo) + |xo @5))), the result-
ing vector amplitude for any output coordinate index y is given by the matrix-vector
product coordinate:

1

®n _ —1)%o° 1) (%®s)y) _
(H™v)y = Sonn (%7 + (-1)®=97) =

(_l)xo'y sy

P (1+(-1)*)

Ifs-y = 1 (mod 2), the amplitude vanishes identically due to complete destructive
wave interference (1 + (-1) = 0). If sy = 0 (mod 2), constructive reinforcement
occurs.
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Linear System Solution over E,

Each run of the algorithm samples a bitstring y that is strictly orthogonal to the secret
period vector:

S Yy=5D5%®®s,5,=0 (mod 2)

By repeating the procedure O(z) times, we obtain a system of z — 1 linearly indepen-
dent equations in » unknowns over the Galois field E,. Applying classical Gaussian
elimination over E, determines the secret period s uniquely in O(»’) classical arith-
metic steps.

Fastest Parallel Digital Implementation of Simon’s Algorithm

Because the Walsh-Hadamard kernel contains only +1 entries, Simon’s algorithm can
be executed on digital hardware with extreme efficiency using a Hypercube SIMD
Butterfly Engine + Triangular Systolic F, Elimination Bit-Array:

« Multiplication-Free Fast Walsh-Hadamard Transform (FWHT): The
n-dimensional Walsh-Hadamard matrix decomposes into 7 stages of pairwise
additions and subtractions. On an #-dimensional binary hypercube array of
PEs, each stage computes in a single clock cycle without any floating-point
arithmetic or multiplier circuits. The entire transform over all 2" basis states
completes in exactly # parallel clock cycles.

« On-the-Fly Triangular Systolic Bit-Eliminator: Rather than storing vectors
in RAM and executing sequential Gaussian elimination, sampled bitstrings y
are streamed directly into a triangular 2D systolic array of 1-bit processing el-
ements. Each cell contains a single flip-flop, a multiplexer, and a 1-bit XOR
gate. As a bitstring cascades down the triangle, it is reduced against existing
pivot rows in real time. If a linearly independent row is identified, it locks into
place; otherwise, it is discarded. The full rank-(z — 1) basis is constructed in
2n clock cycles, and back-substitution yields the secret string s in z cycles using
purely parallel XOR logic.
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Orthogonal Eigenangle Estimation (OEE) and Krylov Subspace
Spectral Analysis

The Eigenvalue Phase and Angle Estimation Problem

The algorithm currently designated in conventional physics and quantum comput-
ing literature as “Quantum Phase Estimation” (QPE) is more accurately defined in
numerical linear algebra and the Iris Number System as Orthogonal Eigenangle Es-
timation (OEE). It serves as a central computational subroutine powering modular
order-finding, molecular Hamiltonian simulation, and linear system solvers.

Let U € CV*N be a unitary matrix (or its real orthogonal equivalent R, € R*V*Y),
and let v (conventionally written in Dirac Newspeak as ket |¢) ) be an eigenvector of U

with eigenvalue 1 = ¢*™? where 6 € [0, 1) is the unknown rotation angle (eigenangle).
The goal of Orthogonal Eigenangle Estimation is to estimate @ to m bits of binary

precision.

Algorithmic Mechanics of Orthogonal Eigenangle Estimation

1. Register Initialization: Prepare an m-channel evaluation register in the uni-
. . 1 2”-1 . . .
form normalized coordinate vector wy = 5.5 >, €, (written in Dirac nota-

. 2" . o .
tion as zmﬁ 2o " |£)) and load the data register with eigenvector v (written as

¥)).

2. Controlled Unitary Exponentiation: Apply controlled block-diagonal matrix
0 1 m—1 i

powers of U (U*,U*,..,U* ) By the matrix-eigenvector identity UYv =

™% (in Dirac Newspeak: U ?1y) = 27|y)), the evaluation register state

vector transforms into the discrete Fourier phase coordinate vector:

m

om_

1 1 . . 1 .
W= ;{ ™, |in Dirac Newspeak: Tl Z ™| )

3. Inverse Discrete Fourier Transform: Applying the inverse Discrete Fourier
Transform matrix FZT,,, converts the phase-encoded Fourier series into a sharp
spectral delta peak at index & = |2™6)], directly reading out the binary digits of
the rotation angle 6.
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Equivalence to Classical Krylov Subspace and Arnoldi Methods

In classical numerical analysis, extracting the dominant eigenvalues of a large sparse
matrix 4 without full diagonalization is performed using Krylov subspace projec-
tions:

K,,(4,v,) = span (v, Avy, AV, ..., A7)

The Arnoldi iteration uses Gram-Schmidt orthogonalization (or Householder reflec-
tions) to reduce 4 to an upper Hessenberg matrix H,,, while the Lanczos algorithm
reduces symmetric matrices to tridiagonal form. Orthogonal Eigenangle Estimation
is mathematically identical to projecting a state-vector across a cyclic Krylov subspace
generated by powers of U and extracting the spectral poles via discrete Fourier analy-
sis.

Fastest Parallel Digital Implementation of Krylov Eigenangle Estimation

Instead of allocating exponentially large state-vector registers, digital hardware com-
putes rotation spectra directly using a Pipelined Block Lanczos / Arnoldi Systolic
Array with Wilkinson-Shift QR Eigensolver:

« Distributed Sparse Matrix-Vector (SpMV') Unit: Matrix 4 is stored in com-
pressed sparse format across distributed SRAM banks. An array of parallel
multiply-accumulate (MAC) units evaluates w = Av, with high memoryband-
width and zero cache thrashing.

« Pipelined Modified Gram-Schmidt Orthogonalization: The new vector w is
orthogonalized against previous Krylov basis vectors v;, ..., v, using parallel dot-
product reduction trees. This reduces the large N x N operator to an upper
Hessenberg or tridiagonal matrix 7,, of small dimension m < N (typically m <
50).

« Systolic CORDIC QR Diagonalization: The small tridiagonal matrix 7, is di-
agonalized on an attached systolic array of CORDIC Givens rotation units ex-
ecuting the QR algorithm with implicit Wilkinson shifts. All eigenvalue phase
angles ¢; are extracted to full machine precision in O () clock cycles, eliminat-
ing the need for speculative quantum phase circuits entirely.
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The Harrow-Hassidim—-Lloyd (HHL) Linear Solver and the Classi-
cal I/O Bottleneck

Formulation of the Matrix Inversion Problem

The Harrow—Hassidim-Lloyd (HHL) algorithm addresses the solution of large sys-
tems of linear equations:

Ax=Db

where 4 € RNV is a Hermitian matrix with condition number x = 2__ /.., and

max/
b € RY is a normalized input vector.

The HHL Algorithmic Pipeline

1. Input State Preparation: Encode input vector b as an expansion across the
orthonormal eigenvector basis {u " of symmetric matrix 4 with corresponding
real eigenvalues A it

N N
b= Zﬁjuj (in Dirac Newspeak: |b) = Zﬂjmj))
71 J=1

2. Eigenangle Estimation on 4: Simulate the matrix exponential evolution P

using Trotter-Suzuki product formulas. Orthogonal Eigenangle Estimation
(OEE) extracts the eigenvalues into an auxiliary register, yielding the joint
product vector:

N N
Z Bu,® e, (in Dirac Newspeak: Z B;lu;) |2j>)
= ‘

J=1

3. Controlled Reciprocal Scaling: Apply a Givens plane rotation to an auxiliary
two-channel indicator coordinate proportional to C/2, transforming the state
vector to:

N . C . & C2
ngj“j‘x’%@ 1- PER) + e in Dirac Newspeak: 21 Bilu) A |1 - 2—2|0) +
7 J= J

= J

4

)
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4. Inverse Eigenangle Estimation (Uncomputing): Apply inverse OEE to clear
the auxiliary eigenvalue register, leaving the solution component in the indica-
tor channel proportional to:

N
x=A"'b= z in Dirac Newspeak: |x) = 1b) = z@

J=1 J J=1

~.

Demystification and the Classical Input/Output Bottleneck

Promoters of HHL often claim an exponential speedup (O(log N) vs. O(N)). In the
objective physical world, there is no such thing as a “physical state vector”; a state vec-
tor is merely a mathematical list of coordinates or analog channel amplitudes. The
theoretical claims of HHL are undermined by two unavoidable physical and compu-
tational constraints:

1. The State Preparation Bottleneck: Preparing an arbitrary numerical input
vector b = (by,by,...,by)" in hardware requires loading N independent ana-
log amplitudes or register values, which intrinsically consumes Q(N) time and
physical resources.

2. The Readout Bottleneck: The output produced by the HHL circuit is not an
accessible array of classical numbers x € RY, but merely an unmeasured nor-
malized analog state-vector register (written in Dirac Newspeak as |x)). To
extract the actual numerical coordinates x;, x,, ..., x5 to numerical precision
¢, one must perform O(N/é”) repeated sampling measurements, which com-
pletely erases any theoretical computational advantage.

Fastest Parallel Digital Implementation: Chebyshev Semi-Iterative 3-Term Recur-
rence

To solve large sparse linear systems 4x = b on parallel digital architectures with-
out the fatal communication bottlenecks of global inner products, we implement the
Chebyshev Semi-Iterative Systolic Mesh:

« Elimination of Global Reduction Bottlenecks: Standard Conjugate Gradient

(CG) requires computing global dot products «, =

P, Ap
which forces all processors to synchronize across a global bus, stalling clock fre-

quencies.



203

« Chebyshev 3-Term Recurrence Engine: When the spectral bounds
(A
the inverse operator 47" is synthesized as an optimal minimax Chebyshev
polynomial filter B,(A4)b. Each PE updates its local solution coordinate
according to the 3-term recurrence:

min> Amax] Of matrix 4 are known (obtained via a quick Lanczos pass),

x) = Wiy (x(k) +y(b- Ax(k))) +(1- a),eﬂ)x(k_l)

where scalar acceleration factors w, and damping parameter y = are

2
lmin +2max

precomputed.

« Pure Nearest-Neighbor Systolic Scaling: Because the recurrence relies solely
on matrix-vector multiplication 4 x® and scalar vector updates, each proces-
sor in the 2D mesh communicates strictly with adjacent neighbor cells in direct
contact. With zero global communication latency, the system achieves linear
speedup across millions of parallel cores, solving linear systems to precision ¢ in
O(vxlog(1/e)) clock cycles.

Parameterized Variational Optimization: Variational Rayleigh-Ritz
Optimization (VRRO) and Alternating Operator Phase Optimiza-
tion (AOPO)

Variational Rayleigh-Ritz Optimization (VRRO)

The algorithm commonly termed in physics literature as the “Variational Quantum
Eigensolver” (VQE) is more accurately formulated in numerical analysis and the Iris
Number System as Variational Rayleigh-Ritz Optimization (VRRO). It is a hybrid
numerical optimization procedure designed to find the minimal eigenvalue (ground-
state energy) E, and corresponding eigenvector of a matrix Hamiltonian or symmet-
ric operator H.

VRRO is a direct execution of the classical Rayleigh-Ritz Variational Principle:

E, = min VTff ¥ <Ry(6) =v()"Hv(®) (in Dirac Newspeak: (H); = (y(8)|H|y (4)))

vz0 vlvy

The algorithm functions as a closed-loop optimization cycle:

1. Parameterized Ansatz: A trial state-vector v(6) is generated by applying a se-
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quence of parameterized Givens plane rotations R(f,) to an initial reference
coordinate vector v,.

2. Energy Expectation Evaluation: The quadratic form / Rayleigh quotient

>

R,(6) = v(8)THv(d) (Dirac expectation (H);) is evaluated by summing the

channel energies.

3. Classical Optimization: A numerical optimization routine (such as Gradient
Descent, BFGS, Nelder-Mead, or Adam) updates the parameter vector 6«
- A% éRH(é) until eigenvalue convergence is reached.

Alternating Operator Phase Optimization (AOPO)

The method conventionally designated as the “Quantum Approximate Optimiza-
tion Algorithm” (QAOA) is more accurately classified in numerical optimization as
Alternating Operator Phase Optimization (AOPO) (or the Alternating Operator
Ansatz). It is a variational method for solving combinatorial optimization problems
on graphs (such as Max-Cut, Graph Coloring, and Boolean Satisfiability).

The problem cost function is mapped to a diagonal Ising cost matrix H,, and a
non-commuting transverse mixing matrix Ay = > X; is introduced. The AOPO
pipeline applies alternating matrix layers parameterized by angle vectors y and £:

?

P i i 2> . .
v(7,06) = (H ¢ it gminle ) v (in Dirac Newspeak: |y (7, £)) = H ¢t g~inHe |y

/=1 /=1

>

A numerical optimization loop iteratively tunes (7, ) to maximize the cut weight or
constraint satisfaction metric.

Fastest Parallel Digital Implementation: Checkerboard Digital Annealing Arrays

Variational combinatorial optimization is executed on digital hardware at maximum
throughput using a Checkerboard-Decomposed Digital Annealing / Ising Systolic
Matrix:

« Massively Parallel Spin Processing Cells: Graph variables s, € {-1,+1} are
mapped to a 2D array of digital spin processing cells. Each cell contains a 1-
bit register for the spin state and fixed-point accumulators for the coupling

weights /.
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¢« Checkerboard Bipartite Partitioning: To eliminate race conditions during
concurrent updates, the graph or lattice is colored with a bipartite checker-
board scheme (even and odd sublattices). All even spins update their states
simultaneously in parallel clock cycle 1, and all odd spins update simultane-
ously in clock cycle 2.

« Local Effective Field Calculation: Each spin cell computes its local energy gra-
: _ ext : .
dient b, = Z]. Ji;s;+ b using parallel adder trees. The energy change for a spin
flip AE, = 25,h, is evaluated in a single clock cycle.

« Jaynesian MaxEnt Thermal Acceptance Engine: In accordance with
Maximum Entropy thermodynamics, transition probabilities P(flip) =
min(1, exp(—BAE;)) are evaluated via a precomputed lookup table and com-
pared against pseudo-random numbers generated by on-chip Linear-Feedback
Shift Registers (LFSRs). The hardware evaluates hundreds of millions of
parallel spin updates per microsecond, converging to the global ground state

with high probability.

Ballistic Discrete Wave Walks: Wave Interference vs. Classical Dif-

fusion
Classical Diffusive Walks vs. Coherent Ballistic Wave Walks

In a classical random walk on a 1D discrete integer grid, a particle at position x tosses
an unbiased coin and steps to x + 1 or x — 1 with equal probability p = 1/2. By the Cen-
tral Limit Theorem, the probability distribution after # steps converges to a Gaussian
distribution with variance scaling linearly with time:

2

9 classical — ¢ AX’.classical ~ \/l_‘

This is the hallmark of classical diffusive propagation.

In a coherent discrete wave walk (conventionally designated as a “quantum random
walk”), the scalar particle is replaced by a two-component multivector wave packet
vy (x, £) . . .
v(x,t) = . At each discrete time step Az, the walk applies:
g (x, 7)

1. Coin Transformation Matrix: A unitary coin operator (such as the
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Hadamard matrix H or a Givens rotation G(f)) mixes the left-moving and
right-moving channel amplitudes:

vy (x,2) 1 (1 1| |y(x0)

v (¢, 2) V2 1 -1) \g(x,2)

2. Shift Operator Matrix: Translates the left-moving component to x—1 and the
right-moving component to x + 1:

ye—1,t+1) =0 (x,2), ovg(oc+1Lz+1)=vp(x,2)

Because amplitudes interfere constructively at the wavefront boundaries and cancel
destructively in the interior, the spatial standard deviation scales linearly with time:

o ~t = Ax x t

wave wave

This constitutes ballistic wave propagation, spreading quadratically faster across spa-
tial graphs than classical random diffusion.

Fastest Parallel Digital Implementation: Lattice-Gas Cellular Automata and
FDTD Systolic Pipelines

On the discrete grid €, coherent state-vector wave walks are executed with 100%
computational efficiency using a Cellular Automaton Lattice-Gas Systolic Pipeline:

« Local State Representation: Each node x on the physical grid contains two
fixed-point registers storing the left- and right-propagating wave amplitudes

(v.(x), vg (%))

« Single-Cycle Coin Butterfly: In each clock cycle, an arithmetic unit at each
node executes the Hadamard coin operation using a 2-point butterfly:

v (%) + vp (%) o (%) = g (%)

v (x) = T, vp(x) = 7

Multiplication by 1/V2 is performed via fixed-point shift-and-add constants
(e.g. 0.707106 ~ 181/256 = (128 +32+16+4+ 1) /256) requiring zero multiplier
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logic.

« Direct-Contact Spatial Streaming: During the shift phase, adjacent nodes ex-
change updated wave amplitudes along direct physical wiring traces: node x
passes v, (x) to node x — 1 and (x) to node x + 1. Because all nodes operate
in lockstep with purely local direct-contact interconnects, the entire lattice ad-
vances one ballistic time step per clock cycle, simulating macroscopic field prop-
agation and graph traversal across billions of spatial nodes per second.

Formal Postulates and Theorems of Canonical State-Vector Algo-
rithms

Example 30. Theorem: Exact Equivalence of the Factorized State-Vector Fourier
Transform to Classical Discrete Spectral Analysis

Let an n-dimensional evaluation register contain discrete state-vector v € R?". The
discrete unitary transformation E,, implemented by a cascade of Hadamard reflec-
tions and controlled phase-shift Givens rotations (conventionally designated as the
“Quantum Fourier Transform” or QFT') is mathematically and functionally identical
to the classical Discrete Fourier Transform (DFT') matrix over the finite cyclic group
Z,,. 'The transformation conserves total Euclidean field energy (|Fv|, = |v|,) and
maps periodic coordinate sequences of period r to discrete spectral delta peaks with
harmonic spacing Ak = 2" /7.

Proof:

1. Matrix Definition: The matrix elements of the M = 2" dimensional DFT op-

erator are given by I, = ,/%7“’1];’ where w,, = exp(27zi/M).

2. Tensor Factorization: Any integer & € [0, M — 1] has unique binary represen-
tationk =3, | k2 Substituting into the exponential kernel factors E,; into
a product of » single-qubit Hadamard operators and 221 controlled phase
rotations:

n n 2”

3. Energy Conservation: Because each Hadamard matrix is a symmetric orthog-
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onal reflection (H" H = I) and each phase gate is a planar rotation (R'R = I),
the composite product satisfies F'F = I. By Parseval’s theorem on discrete grid
Gy, total field energy is strictly conserved.

4. Constructive Spectral Peaks: For an input vector consisting of a periodic train
of impulses v, = > 9,

the discrete Fourier sum evaluates to:

m xX,mr+xy’?

M|r-1 X0y M|r-1

1 w

(mr+xy)y ‘M
(Fv), = @y o) = A
P " 2
When ry = 0 (mod M) = y = s, the terms in the geometnc series add in
phase, producing constructive spectral peaks with amphtude 2, while for all
non-harmonic frequencies the sum vanishes identically. []

Example 31. Theorem: Generalized Rotational Equivalence: Isometry Between
Householder Reflection Cascades and Sparse Givens Rotation Networks

Let R € R™" be any orthogonal transformation acting on discrete state-vector space
R” on grid € with determinant det(R) = +1. The transformation can be represented
identically as either a product of an even number of Householder hyperplane reflec-

tions:
2m
R=[](I-2wu)
k=1
or as a structured cascade of at most & — U Jocalized, two-dimensional coordinate-

palr Givens rotations:

N-1 N

R=1]I] 6.8

=1 j=i+1

Both representations preserve Euclidean vector length, inner products, and Jaynesian
probability normalization, allowing hardware implementations to substitute dense
global summing junctions with nearest-neighbor local circuit interactions.

Proof:

1. Cartan-Dieudonné Theorem on R”: By the classical Cartan-Dieudonné the-
orem, every orthogonal transformation in an N-dimensional real Euclidean
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space decomposes into a product of at most N reflections across hyperplanes.
For proper rotations (det(R) = +1), the number of reflections is strictly even.

QR Decomposition via Givens Rotations: Given the matrix R, there exists an
explicit sequence of plane rotations G(7, /, §;,) that systematically eliminates off-
diagonal elements in coordinate planes (7, /), reducing R to the identity matrix

I. Inverting the sequence expresses R as a product of at most N(Az[_l) sparse

Givens rotations.

Subspace Isometry: Each Givens rotation G(z, ,6) is an isometry on the 2D
plane span(e;, €;) leaving all orthogonal coordinates unchanged. Because the
composition of isometries is an isometry, both representations produce the ex-
act same final state-vector v, = Rv;,. [J

Worked Example Problems in Canonical State-Vector Algorithms

Problem Statement 1: Step-by-Step Modular Order-Finding and Factorization of
N = 15 via Discrete Fourier Spectral Peaks and Euclid’s GCD Algorithm.

Let N = 15 be the composite integer to factor. Select base 2 = 7.

1.

2
3.
4

Verify that gcd(7,15) = 1.

. Trace the periodic sequence f(x) = 7* (mod 15) forx = 0,1,2,...,7.

Determine the period 7.

. Evaluate the Discrete Fourier Transform spectral peaks on an evaluation reg-

ister of size M = 16.

5. Extract the non-trivial prime factors of 15 using Euclid’s algorithm on grid €.
Solution:
1. Coprimality Verification: Applying Euclid’s algorithm: 15 = 2x7+1 —

2.

ged(7,15) = 1.
Modular Exponentiation Sequence:
e x=0 — 7° (mod 15) = 1

e x=1 = 7' (mod 15) =7
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« x=2 — 7% (mod 15) = 49 = 4 (mod 15)

e« x=3 = 7° (mod 15) = 4x7 =28 =13 (mod 15)

e x=4 = 7* (mod 15) =13x7 =91 =1 (mod 15) (Sequence repeats!)
e x=5 = 7,x=6 = 4,x=7 = 13

The sequence is (1,7, 4,13,1,7,4,13,...). The period is strictly » = 4.

3. Discrete Fourier Spectral Peaks on M = 16: The periodic state-vector for
value f(x) = 1 has non-zero entries at indices x € {0, 4, 8, 12}:

T
1
v=3 (1000100010001000)

Applying the 16-point DFT F, v: The spectral peaks occur at integer multiples
of A7/I = % = 4:

k€ {0,4,8,12}

Measuring non-zero spectral peak & = 4 yields the ratio:

4. Factor Extraction via Greatest Common Divisor: Because » = 4 is even, cal-
culate:

4 (mod 15) =7> (mod 15) =49=4 (mod 15)

Verity non-triviality condition: 4 # -1 = 14 (mod 15).
Calculate prime factors:
.« p= gcd(éz’/2 -1,15) = ged(4 - 1,15) = ged(3,15) =3
e g=gcd(@’? +1,15) = ged(4 + 1,15) = ged(5,15) = 5

The factors of 15 are found to be 3 and 5. The entire reduction is complete
and exact.
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Problem Statement 2: Step-by-Step Arithmetic Trace of Simon’s Periodicity Algo-
rithm for » = 3 with Secret Bitmask s = 110,.

Let £ : {0,1}® — {0, 1}’ be a 2-to-1 function with secret period bitmask s = (1, 1,0),.

1.
2.

3.
4.

Define the 2-to-1 function table for all 8 input bitstrings.

Trace the Walsh-Hadamard transform and show destructive interference for
non-orthogonal vectors.

Show that every measured output bitstring y satisfies s -y = 0 (mod 2).

Perform Gaussian elimination over E, to reconstruct s.

Solution:

1.

2.

3.

Function Table for s = (1,1,0),:

- f

.

000)

£(000 @ 110) = £(110) = 001

~

001) = £(001 @ 110) = £(111) = 010

.

\’3

( (
( (
(010) = £(010 @ 110) = £(100) = 011
. f£(011) = £(011 @ 110) = £(101) = 100

Walsh-Hadamard Interference Calculation: Suppose the function evaluation
isolates the pre-image pair of coordinates for output 001, forming the coordi-
nate vector:

v = ‘/—15 (€000 + €110) (in Dirac Newspeak: |y;) = ‘/% (1000) + |110))

Applying the 3-bit Walsh-Hadamard transform matrix H** = H ® H ® H:

% Z ((_1)000-y+ (_1)110<y) ey :% Z (1+ (_l)yleayz)ey
ye{0,1}3 ye{0,133

H®3vl —

(written in Dirac Newspeak as H*®|y;) = 1 Zye{0,1}3 (L+ (=1)1%2) |y)).

Evaluating Vector Amplitudes:
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« Ify, ®y, = 1: Amplitude coordinate is 1+ (—1) = 0 (Complete destructive
cancellation!). Indices 100, 101,010, 011 have amplitude 0.

« Ify, ®, = 0: Amplitude coordinateis 1+ 1 = 2. Indices 000,001, 110,111

have amplitude 2 = 1.

4. Linear Parity System over E,: All non-zero output states satisfy the parity con-
straint:

S Yy=59 05 @5y =0 (mod2)

Sampling outputs yields linearly independent vectors:
« Measurement 1: y(l) =(0,0,1) = s =0 (mod 2).
« Measurement 2: y? = (1,1,0) — 5, &5 =0 — 5, =5 (mod 2).

5. Gaussian Elimination: The system of equations is:

51
0 0 1 0

5|= (mod 2)
1 1 0 0

53

The non-zero solution is uniquely 5; = 0 and s; = 5, = 1, yielding:
s=(1,1,0),

The secret bitmask is recovered with 100% mathematical certainty in O(z)
steps.
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Index of Formal Statements

Index of all formal Postulates, Theorems, and Definitions in the Iris Number System.

Postulates

¢« Postulate: Vacuum Space-Charge Field Transport — Chapter: Theory of
Electron Tubes and Thermionic Valves: Field Physics, Grid Control, and
Specialized Cathode-Ray Devices | Section: Formal Postulates and Theorems
of Vacuum Tube Field Dynamics

« Postulate: Base Minority Carrier Transport — Chapter: Point-Contact and
Bipolar Junction Transistors | Section: Formal Postulates and Theorems of
Bipolar Transistor Electrodynamics

Theorems

« Theorem: Unified Real-Bivector Spectral Transformation Theorem —
Chapter: First-Principles Unified Spectral Analysis without Complex
Numbers | Section: Proofs and Theorems

« Theorem: Discrete Multiscale Orthogonality and Parseval-Plancherel En-
ergy Conservation Theorem — Chapter: First-Principles Unified Spectral
Analysis without Complex Numbers | Section: Rigorous Proofs and Mathe-
matical Theorems

« Theorem: Master Field Equation Optimization of Single-Page 2D Spectral
Typography and Spatial Interference Mitigation Theorem — Chapter:
First-Principles Unified Spectral Analysis without Complex Numbers |
Section: Rigorous Proofs and Mathematical Theorems

+ Theorem: Derivation of Kirchhoff’s Circuit Laws from the Master Field
Equation — Chapter: Circuit Theory: Kirchhoft’s Laws, Lumped Cir-
cuit Elements, and Shielded Enclosures | Section: Formal Postulates and
Theorems of Circuit Theory

« Theorem: Energy Conservation in Electric Condensers and Magnetic Coils
— Chapter: Circuit Theory: Kirchhoff’s Laws, Lumped Circuit Elements,
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and Shielded Enclosures | Section: Formal Postulates and Theorems of Cir-
cuit Theory

Theorem: Maximum Power Transfer Theorem for Complex Bivector
Impedances — Chapter: Circuit Theory: Kirchhoff’s Laws, Lumped Cir-
cuit Elements, and Shielded Enclosures | Section: Formal Postulates and
Theorems of Circuit Theory

Theorem: Dielectric Wave Power Transport and Conductor Guidance The-
orem — Chapter: Transmission Theory, Power Engineering, and Electrical
Machinery | Section: Formal Postulates and Theorems of Transmission The-
ory and Electrical Machines

Theorem: Heaviside Distortionless Transmission Line Condition Theorem
— Chapter: Transmission Theory, Power Engineering, and Electrical Ma-
chinery | Section: Formal Postulates and Theorems of Transmission Theory
and Electrical Machines

Theorem: Maximum Electrodynamic Torque in Electronically Commu-
tated BLDC Motors — Chapter: Transmission Theory, Power Engineering,
and Electrical Machinery | Section: Formal Postulates and Theorems of
Transmission Theory and Electrical Machines

Theorem: m-Resolution Difference Convolution and Spectral Multiplica-
tion Equivalence Theorem — Chapter: Theory of Impulse Responses and
Transfer Functions: m-Resolution Analog and Digital System Dynamics |
Section: Formal Postulates and Theorems of System Dynamics

Theorem: Discrete Bivector System Stability and Bounded-Input Bounded-
Output Invariance Theorem — Chapter: Theory of Impulse Responses and
Transfer Functions: m-Resolution Analog and Digital System Dynamics |
Section: Formal Postulates and Theorems of System Dynamics

Theorem: Derivation of the Child-Langmuir Space-Charge Law — Chapter:
Theory of Electron Tubes and Thermionic Valves: Field Physics, Grid Con-
trol, and Specialized Cathode-Ray Devices | Section: Formal Postulates and
Theorems of Vacuum Tube Field Dynamics

Theorem: First-Principles Derivation of Hole Charge Equivalence and Pos-
itive Hall Effect — Chapter: Theory of Solid-State Diodes and Semiconduc-
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tor Rectifiers: Point-Contact Crystals, Junction Dynamics, and Integrated
Diode Matrices | Section: Formal Postulates and Theorems of Solid-State
Diode Mechanics

Theorem: Epistemological Demolition of the ‘Quantum’ Semiconductor
Fallacy and Derivation of Solid-State Empirical Laws — Chapter: Theory of
Solid-State Diodes and Semiconductor Rectifiers: Point-Contact Crystals,
Junction Dynamics, and Integrated Diode Matrices | Section: Formal
Postulates and Theorems of Solid-State Diode Mechanics

Theorem: Derivation of the Shockley Diode Equation from the Master Field
Equation — Chapter: Theory of Solid-State Diodes and Semiconductor Rec-
tifiers: Point-Contact Crystals, Junction Dynamics, and Integrated Diode
Matrices | Section: Formal Postulates and Theorems of Solid-State Diode
Mechanics

Theorem: First-Principles Derivation of Esaki Tunneling Mechanics and
Negative Differential Resistance — Chapter: Theory of Solid-State Diodes
and Semiconductor Rectifiers: Point-Contact Crystals, Junction Dynamics,
and Integrated Diode Matrices | Section: Formal Postulates and Theorems
of Solid-State Diode Mechanics

Theorem: Ebers-Moll Reciprocity Relation — Chapter: Point-Contact and
Bipolar Junction Transistors | Section: Formal Postulates and Theorems of
Bipolar Transistor Electrodynamics

Theorem: Regenerative Latching Condition for Four-Layer Thyristors —
Chapter: Other Semiconductor Devices | Section: Formal Postulates and
Theorems of Four-Layer Devices

Theorem: Op-Amp Closed-Loop Gain Stability and Negative Feedback De-
sensitization — Chapter: Analog Integrated Circuits | Section: Formal Pos-
tulates and Theorems of Analog Integrated Circuits

Theorem: CMOS Switching Power Dissipation and Maximum Dynamic
Frequency Limit — Chapter: Digital Gates, Flip-Flops, and Sequential Logic
| Section: Formal Postulates and Theorems of Digital CMOS Dynamics

Theorem: Physical Equivalence of Digital Software Execution and Contact-
Action Electrodynamic State Transitions — Chapter: Digital Computer
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Programs Are Electronic Circuits | Section: Formal Postulates and
Theorems of Physical Software Execution

Theorem: Algebraic and Geometric Properties of Real Householder Reflec-
tions — Chapter: Digital Grover Search as a Numerical Iterative Method |
Section: Fundamentals of Householder Reflections in Real Vector Spaces

Theorem: Digital Grover Iteration as Householder Reflection Power Itera-
tion in Real 2D Subspaces — Chapter: Digital Grover Search as a Numer-
ical Iterative Method | Section: Formal Postulates and Theorems of Digital
Search Analysis

Theorem: Equivalence of Digital Grover Search to Localized Givens Rota-
tions and Isometric Subspace Transformations — Chapter: Digital Grover
Search as a Numerical Iterative Method | Section: Formal Postulates and
Theorems of Digital Search Analysis

Theorem: Physical Spatial Bounds, Electromagnetic Propagation Limits,
and Classical Parallel Superiority over State-Vector Search — Chapter:
Digital Grover Search as a Numerical Iterative Method | Section: Formal
Postulates and Theorems of Digital Search Analysis

Theorem: Physical Equivalence of Quantum Computing to Classical Cou-
pled Oscillators — Chapter: What “Quantum” Computers Really Are and
How a Hobbyist Can Make Them at Home | Section: Formal Postulates and
Theorems of Classical State-Vector Computing

Theorem: Hobbyist State-Vector Scalability and Signal-to-Noise Ratio In-
variance Theorem — Chapter: What “Quantum” Computers Really Are and
How a Hobbyist Can Make Them at Home | Section: Formal Postulates and
Theorems of Classical State-Vector Computing

Theorem: Generalized Rotational Equivalence: Isometry Between
Householder Reflection Cascades and Sparse Givens Rotation Networks
— Chapter: Canonical State-Vector Algorithms: Classical Spectral Order-
Finding, Phase Estimation, and Subspace Rotations | Section: Formal
Postulates and Theorems of Canonical State-Vector Analysis
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1. This is not a claim that diseases will be cured. Any relief from unnecessary tension,

however, is an improvement.

2. The plenum cannot be spoken or written. It exists but is not symbols. In these
volumes we describe the plenum as a universal electromagnetic field, but this field is

a structural description. It is not the plenum itself.
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